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^ . Abstract 

4D Lorentzian conformal field theory (CFT) is mapped into 5D anti-de Sitter space- 
time (AdS), from the viewpoint of "geometrizing" conformal current algebra. A large-N 
expansion of the CFT is shown to lead to (infinitely many) weakly coupled AdS par- 
ticles, in one-to-one correspondence with minimal-color-singlet CFT primary operators. 
If all but a finite number of "protected" primary operators have very large scaling di- 
mensions, it is shown that there exists a low-AdS-curvature effective field theory regime 
for the corresponding finite set of AdS particles. Effective 5D gauge theory and General 
Relativity on AdS are derived in this way from the most robust examples of protected 
CFT primaries, Noether currents of global symmetries and the energy-momentum tensor. 
Witten's prescription for computing CFT local operator correlators within the AdS dual 
is derived. The main new contribution is the derivation of 5D locality of AdS couplings. 
This is accomplished by studying a confining IR-deformation of the CFT in the large-N 
"planar" approximation, where the discrete spectrum and existence of an S-matrix allow 
the constraints of unitarity and crossing symmetry to be solved (in standard fashion) by 
a tree-level expansion in terms of 4D local "glueball" couplings. When the deformation is 
carefully removed, the resulting conformal symmetry combines with this exact 4D locality 
to yield 5D AdS locality. The sense in which AdS/CFT duality illustrates the possibility 
of emergent relativity, and the special role of strong coupling, are briefly discussed. Care 
is taken to conclude each step with well-defined mathematical expressions and convergent 
integrals. 
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1 Introduction 



Every child knows that things which are further away are really just smaller. It is only grown- 
ups who think this an illusion. After all, a distant object looks smaller in every detail, in 
principle all the way down to its atomic structure. And yet, the grown-ups point out, the Bohr 
radius is a constant of Nature. 

But perhaps it is the grown-ups who are under the illusion. Physics may indeed play out on a 
flat screen, with an illusion of "depth" created by shrinking or expanding mutable 2D "atoms" , 
conspiring to fake 3D atoms of fixed size but varying distance from us. Minimally, this requires 
the "holographic" [I] screen physics to be self-similar, so that structures ("atoms") on one 
length scale can be faithfully reproduced on a different scale. The best understood version of 
such self-similarity is the scale invariance enjoyed by local relativistic quantum field theories 
at fixed points of their renormalization group flow. A weakly coupled screen theory could not 
pull off such a grand "deception" , so we deduce that the screen theory has to be at a strongly 
coupled fixed point. 

If one imagines such a quantum field theoretic screen, then the fact that scale transforma- 
tions are Lorentz-scalar implies that characteristic time scales get re-scaled along with char- 
acteristic spatial features. This property would necessarily create a peculiar illusion of depth: 
clocks which are further away would tick more rapidly. Those trapped in the illusion might 
ascribe this effect to gravitational time-dilation in a curved (3 + 1)D spacetime. Indeed, if the 
screen physics is (2 + 1)D Poincare and scale invariant, the unique (3 -|- 1)D geometry realising 
these symmetries, with gravitational red-shift as a function of depth, is anti-de Sitter (AdS), 

ds\^s, = ^{dt^ - dx^ - dy^ - dz^). (1.1) 

RAdS is a constant radius of curvature, possibly so large that spacetime appears approximately 
(3 + l)-Minkowski for "practical" purposes. 

For a truly seamless plot along these lines, there would have to be new symmetries that put 
the illusory dimension of "depth" on par with the flat dimensions of the screen, that transform 
one into the others. These symmetries clearly lie outside (2 + l)D Poincare and scale symmetry. 
We can see what is required: the z<H-t, z<H-x, z<f-)-?/ symmetries of AdS^, generalizing Lorentz 
symmetries of Minkowski4, are (infinitesimally) 

(1.2) 

where the hatted indices run over the screen dimensions, t, x, y. Remarkably, candidates for 
playing this role do emerge at renormalization-group fixed points of quantum field theory, along 
with scale symmetryll] These are the special conformal transformations, a kind of a;'^-dependent 
^This is a strong conjecture in more than two spacetime dimensions. See the discussion in Ref. j2]. 
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dilatation. Together with (2 + 1)D Poincare and scale invariance they realize full conformal 
invariance on the screen, so the screen theory is a conformal field theory (CFT). 

The fact that {3 + l)D spacetime contains gravity may seem problematic because the notions 
of strongly-coupled quantum field theory that we used above to think about the screen physics 
are those of rigid ((2 + 1)D) spacetime. (We do not yet know if a strong and gravitational fixed 
point (or self-similar) theory self-consistently existso ) But we can hope that strongly-coupled 
quantum field theory on a rigid screen gives rise to the illusion of a dynamical {3 + l)D spacetime 
(with an AdS ground state). At first, this seems like asking too much, naively contradicting the 
Weinberg- Witten theorem |4j , which famously finds that a quantum field theory with a standard 
local, conserved energy-momentum tensor cannot contain a massless spin-2 "graviton" in the 
spectrum. But in the present case, the graviton resides in a different spacetime, one dimension 
higher than that of the screen quantum field theory, and the Lorentz representation-theoretic 
analysis of Ref. |4] fails to apply. 

In this way, we have arrived at a daring, almost far-fetched, plot, pulling the magic of 
quantum gravity and emergent dimensions out of "mere" quantum field theory. The "AdS / CFT 
correspondence" is the conjecture that this plot can, in fact, be theoretically realized [5] [6] [7]. 
More generally, it claims that there exist strongly-coupled dimensional "screen" CFTs, for 
various d, that project "holograms" that are weakly-coupled {d + l)-dimensional quantum 
gravities on low-curvature AdS backgroundsjf] The correspondence claimed is so perfect that 
it is in the end physically meaningless to take sides, to say that the CFT is "real" and the AdS 
theory an "illusion" . We say instead simply that each theory is "dual" to the other. 

The best studied example of this type is the CFT of strongly-coupled M = 4 supersymmetric 
Yang-Mills theory in (3 + 1)D (with many gauge colors), dual to Type IIB string theory on 
an AdS^+i x S^ background (stabilized by a large Ramond-Ramond flux). While still at the 
level of a conjecture because the strong CFT dynamics are not fully soluble, there is strong 
evidence based on exploiting the high degree of supersymmetry, as well as the original arguments 
based on D-brane constructions. There is, however, a strong suspicion that AdS/CFT duality 
transcends these particular considerations, and that there is a general AdS/CFT grammar that 
is less conjecture and more "theorem". In this approach, any CFT^ is dual to some AdS^+i 
theory, but one wants to derive certain broad CFT features that guarantee a "useful" AdS 
theory, one with a semi-classical General Relativity regime and a few light particle species, 
inside a large AdS radius of curvature. Some of the requisite "input" strong-coupling CFT 
properties might be a matter of conjecture, but their translation into AdS could be on surer 
footing. 

Many of the central insights for such a robust AdS/CFT translation already exist in the 
literature, chiefly the importance of a large gap in the spectrum of CFT scaling dimensions to a 

^But see Ref. |3] for a review of work in this direction. 

■^More precisely, AdSd+i may be just one factor in a product spacetime of even higher dimensionality. 
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large general relativistic effective field theory regime on the AdS side. See Ref. [8], for example. 
In the present paper, these insights are fit into a continuous narrative, starting from a CFT with 
broadly stated properties and then deducing the existence of an AdS mapping, including AdS 
effective gravity + gauge theory, and AdS "Witten diagrams" [7] dual to correlators of local 
CFT operators. Where there are gaps in the literature to the main logic of the CFT — > AdS 
construction, these are filled. The paper can serve as a review of AdS/CFT foundations, with 
a somewhat anti-historical slant. In particular, supersymmetry, string theory, D-branes, and 
the specifics of = 4 supersymmetric Yang-Mills, play little role in the discussion, although 
they can then be used to flesh out the well-known examples from the basic AdS / CFT grammar 
derived here. In this sense, standard reviews provide important complementary treatments [9]. 
The large- A'^coior expansion for the CFT does play an important role in this paper, but ultimately 
this may itself be an unnecessary scaffolding, as discussed briefly in subsection 5.5. 

For the sake of familiarity with 4D quantum field theory, the case of CFT^^i — AdS^+i 
is presented, though only minor modifications are required for other dimensionalities, such as 
the more visualizable case of CFT2+1 — > ^'^•S's+i in the story above. For the same reason, 
the CFT is taken to live on Minkowski spacetime, yielding a dual on the Poincare patch of 
AdS (reviewed in [9]), rather than the case of a CFT on a three-sphere (plus time) which is 
often considered so as to yield a dual on global AdS. The presentation is almost completely 
in Lorentzian signature rather than the technically simpler Euclidean signature, so as to be 
conceptually clearest. Early Lorentzian AdS/CFT work can be found in Refs. [10] [11]. More 
recent work can be found in Ref. |12] and references therein. Our approach emphasizes that 
the AdS/CFT correspondence equates states of the CFT with states in AdS, as they evolve in 
time. The more abstract identification of correlators of local CFT operators with AdS Witten 
diagrams is then derived from this core result. In this connection, there is a mild concession to 
Euclidean signature in subsection 6.5, in favor of technical simplicity, to short-circuit a longer 
Lorentzian discussion, but even here some physical pointers precede it. 

In the story told above, one of the qualitative puzzles that emerges is why, if "depth" is 
a mere illusion, can one not just reach out and touch objects that only seem to be very far 
away. Two objects separated only in the depth dimension of the AdS illusion correspond to 
a big object right on top of a small object on the CFT screen, so why can they not directly 
interact? Yet, locality of couplings in all the dimensions of AdS is an essential part of the 
illusion. One does not expect to interact directly with a distant object. Showing this has 
been a central challenge for the CFT — )■ AdS plot, which we address in this paper. Earlier 
progress in this direction, and a sharp framing of the question, appear in Ref. [8] . Naively, the 
locality of quantum field theory on the screen, plus conformal invariance "rotating" the screen 
dimensions into the "depth" dimension, should imply locality in all the AdS dimensions. The 
difficulty is that CFT couplings are local at the level of its elementary fields, say "quarks" and 
"gluons" of a strongly-coupled gauge theory with laxge-Ncohr structure, while the "particles" of 
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AdS correspond to gauge- invariant color-singlet multi-quark/gluon CFT states, for which the 
constraints of locality are opaque. For example, in a CFT such, necessarily extended, multi- 
quark/gluon states have no characteristic length scale on which one can have even an infrared 
notion of locality. The strategy employed in this paper is to deform the CFT so that the result 
is asymptotically conformal in the UV, but confining in the IR, below some characteristic 
confinement scale. One can then exploit the excellent understanding of locality we have for 
color-singlet states within large- confining gauge theories (reviewed in Refs. [13]): in the 
leading planar approximation, minimal-color-singlet mesons and glueballs have tree-level local 
couplings. It is a remarkable feature of this approximation, that this locality necessarily holds 
at all energies. In particular, in our case, locality holds in the far UV where the deformation 
can be ignored, and we are asymptotically in the undeformed CFT. Combining this result with 
UV-asymptotic conformal invariance yields full locality on the AdS side. 

The physical reason why this passage through the deformed CFT is useful is this. The 
locality properties of confining large- A^ gauge theories are deduced by careful consideration of 
the meson/glueball S-matrix, realized as LSZ-like limits of correlators of gauge-invariant local 
operators, and by exploiting the simple form taken by the constraints of unitarity and crossing 
symmetry. In a CFT, without a gap in the spectrum, one cannot tune momenta in this fashion 
to be nearly on-shell for some exclusive hadron state, and off-shell for others. Instead any 
(timelike) momentum through a local operator is always exactly on-shell with respect to some 
physical state, and only infinitesimally off shell for others. But if the IR-deformed CFT is 
confining, then one has embedded the CFT in a confining theory with S-matrix, where one 
recovers conformal invariance at short distances. Therefore in thought experiments, one can 
aim exclusive confined hadrons sent in from infinity, so that they collide in a small spacetime 
region where conformal invariance holds to good approximation, and the scattering products 
emerge from this region, resolve themselves back to confined hadrons, and propagate out to 
infinity. In this paper, we show how the locality results for large-A^ confining theories can 
thereby extrapolate to CFTs. In a similar spirit, Ref. [TT] considered a "regulated" AdS. 

There are several motivations for trying to work out the AdS/CFT plot as carefully and 
broadly as possible: 

AdS quantum gravity (and gauge theory), with a classical and low curvature regime, shares 
qualitative features and mysteries in common with our own universe. The CFT dual is its 
"DNA" , a complete blueprint which we can partially decode, but whose very existence already 
changes our world view. We obviously would like to know what are the central features of 
this DNA that cause it to unfold into such an AdS dual, and what features are inessential 
details. This exercise is then the first step in generalizing further, to understand the holographic 
encoding of gravitating spacetimes even closer to our own, say those with Big Bang initial 
conditions. 
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The AdS/CFT correspondence can be deformed to give dualities between strongly-coupled 
non-conformal field theories and higher- dimensional non-AdS gravity and gauge theory. These 
deformations often have the effect of compactifying the AdS space, such as when the deformed 
CFT is confining [H] [15] |16] [TT]. In this way, a variety of strongly-coupled quantum field 
theories can be partially "solved" in terms of a weakly coupled general relativistic dual effective 
field theory. The strong coupling has gone into assembling the higher-dimensional degrees of 
freedom, which then have only weakly-coupled (1/A^) residual interactions. Of course, it is 
the entire UV-complete quantum gravity theory on the (deformed) AdS side that is dual to a 
(deformed) CFT. If one instead starts with a (deformed) AdS effective field theory for which 
a UV completion is unknown, then it is dual to a set of robust dynamical assumptions about 
a possible strongly coupled (deformed) CFT. The effective field theory self-consistency on the 
AdS side translates into self-consistency of the dynamical assumptions being made about the 
CFT dynamics. But only proof of the existence of a UV completion of the AdS effective theory 
can imply proof of existence of a CFT with these dynamical properties. This is a seemingly weak 
position, but it is often the position we are in, in phenomenologically-oriented research, when 
we suspect that strong dynamics is at work. Fitting the phenomenological considerations to 
an AdS-side effective field theory provides a powerful kind of rapid reconnaisance of the strong 
dynamics features and interconnections. The generality with which we understand AdS/CFT 
translates into the generality of this kind of "effective CFT" [18] tool. 

The AdS/CFT correspondence demonstrates the power of strong coupling to produce a 
diverse range of emergent phenomena: extra dimensions, general relativity, gauge theory. Even 
the pre-requisite of conformal invariance can itself be an emergent phenomenon, if it is the result 
of a quantum field theory flowing in the IR to a renormalization group fixed point. One can take 
it even a step further. Continuum quantum field theory and the underlying special relativity 
may themselves be emergent. It is well-understood that continuum field theory and spatial 
rotational invariance can readily emerge as the long-wavelength limit of discrete systems, such 
as lattice theories. Such continuum field theories can be further enhanced to have emergent 
special relativity in the IR, but at weak coupling this is a very delicate affair. Here too strong 
coupling can help, allowing a fundamentally non-relativistic theory to robustly and rapidly flow 
in the IR towards Lorentz invariance [19]. See Section 9 for a discussion. 

In this way, one may have a sequence of emergent phenomena: strongly-coupled discrete 
quantum system — )■ continuum quantum field theory — i- Special Relativistic field theory — )■ 
CFT — )■ AdS General Relativity + gauge theory. It is obviously important to understand the 
robustness of each of these steps. In this way, one can hope to use weakly coupled AdS effective 
field theories, strongly constrained by powerful local symmetries, to capture the IR properties 
of the far less symmetric strongly-coupled systems found in condensed matter physics. See 
Refs. [20] for reviews. 

Reading in reverse, one might well suspect that our own Universe has a discrete but strongly- 
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interacting "DNA". Emergent relativity, even general relativity, need not be as perfect as 
fundamental relativity. There may be long-range defects. AdS/CFT allows us to probe these 
possibilities, as illustrated in Ref. [2T] . 



2 Conformal Field Theory 

The defining notion of conformal symmetry is given by its action on 4D Minkowski spacetime. 
One can define conformal transformations as general coordinate transformations that take the 
Minkowski metric in its standard form, rj^^, = diag(l, — 1, — 1, — 1), to f{x)ri^^, where f{x) 
is a function of spacetime. For a rapid review of conformal transformations, see Section 1 
of Ref. [22]. The generators of conformal symmetry include the usual (infinitesimal) Poincare 
transformations (with f{x) = 1), as well as infinitesimal dilatations, S, and infinitesimal special 
conformal transformations, K^: 

Sj^^x^" = x^6/-2x^x^'. (2.1) 

While these infinitesimal conformal transformations are well-defined on Minkowski spacetime 
and define a closed Lie algebra, they do not exponentiate to a well-defined action of the full 
conformal group because this involves the missing "point at infinity". However, we will not 
need this full group structure in this paper. 



2.1 Hermitian conformal generators 

CFTs are relativistic local quantum field theories on Minkowski spacetime which are invariant 
under conformal symmetry. See Refs. [23] for reviews. More precisely, the generators of the 
conformal algebra are realized as hermitian operators on Hilbert space that annihilate the CFT 
vacuum state. The usual Poincare algebra of hermitian operators, 

[■JfJ-ui Pp] = iijlupPu 1]vpPp) 

[JfMu, J pa] = -irjf^pJua ± permutations 
[Pp,PA = 0, (2.2) 



is supplemented by 



[S,P^] = -tP, 

[J^^, Kp] = -i{ri^pK^ - rjypKp) 

[S.Jpu] = 

[P^,K,] = 2iJ^,-2i7]p,S. (2.3) 
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This Lie algebra is isomorphic to that of 5*0(4,2), the Lorentz transformations J^j_u gen- 
erating the 5*0(3, 1) subgroup, while the remaining generators form J^4 = \{K^ — P^), J^s = 
\{Kfj, + P^), J54 = 5*, in an obvious notation. 



2.2 Local operators 

The conformal algebra acts linearly on local operators 0{x) by commutation. Irreducible 
representations are labelled by primary operators, (9„(x), themselves in irreducible Lorentz 
representations. For example, primary operators can be Lorentz scalar, vector, spinor, tensor, 
and so on. Primary operators transform according to ^24j 



[p^,a(x)] = idM^) 

[S,On{x)] = -l{Ar, + X.d)On{x) 

[K^,On{x)] = -t{x^d^-2x^x.d-2x^An)On{x)-2x''J:%0^^ix), (2.4) 

where are indices for the Lorentz representation of On, SJJ^^ are Lorentz transformation 
matrices (in a, (3) for this Lorentz representation, and is the primary scaling dimension 
(and canonical dimensioij^) . 

All other local operators can be expressed as derivatives ( "descendents" ) of primary opera- 
tors, 

d,,....d,M^). (2.5) 

Their conformal transformations follow by differentiation of Eq. (12.41) . and in particular they 
have scaling dimension A„ + k. Since such differentiation arises from repeated commutation 
with translation operators, P^, all these descendents are in the same conformal representation 
as On, and indeed together they span the irreducible conformal representation of local operators 
labelled by n. 



2.3 Lightning derivation 

For completeness, here is a brief review of the above statements. The first three of Eqs. (12.41) are 
the straightforward expression of Poincare and scale symmetry in the basis of scaling operators, 
with only the last of Eqs. (12.41) being subtle. 

First note that commutation with 5 simplifies at x = 0, 

[5,C(0)] = -zAC(O), (2.6) 

■^For convenience we will assume that any scaling operator has been multiplied by a suitable power of the 
renormalization scale to make its canonical dimension equal to its scaling dimension. 
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where (9 is a scaling operator with scale dimension A. Eqs. (12 .Sp then imply that and 
act as lowering and raising operators for scaling dimension, 



[S. [K„ 0(0)]] 



z(A + l)[P^,O(0)]. 



(2.7) 



The raising of dimension by commuting with translations is clearly just the process of taking 
derivatives of at a; = 0, and can be done repeatedly without bound. However, repeated 
lowering of scale dimension must stop at some point because there is a lower bound on how 
small scaling dimensions can be in a unitary CFT, known as the "unitarity bound" [25j, which 
depends on the Lorentz representation of the scaling operator. 

Here, we settle for a crude argument, based on scale symmetry, for why scale dimensions 
are bounded below. For simplicity, focus on a Lorentz-scalar scaling operator, O, with scaling 
dimension (and canonical dimension) A. Its two-point function has a spectral decomposition 
given by inserting a complete set of states of invariant mass m and total spatial momentum p. 



where the last line follows from dimensional analysis, Lorentz invariance, and the fact that 
there is no intrinsic scale in our scale-invariant theory. Notice that for non-coincident points, 
X 7^ 0, this two-point function should be well-defined (once the composite operator O itself 
is renormalized) . Yet the small-m behavior of the spectral decomposition is ~ / dm^m^^'^ ^ 
which diverges unless A > 1. Notice that this is an IR, not UV, divergence, that cannot simply 
be "renormalized" away. It is therefore unphysical. There is one exceptional case, A = 1, where 
the dimensional analysis allows m^^~^ in the last line of Eq. (12.81) to be replaced by 5{rn?), 
without any divergence. Therefore, we conclude that there is a lower bound, A > 1. 

For other Lorentz representations of operators, the essential point is the same: for sufficiently 
low scaling dimension, the spectral decomposition is IR divergent and the operator (correlators 
at non-coincident points) become ill-defined. The bounds using only scale invariance are not 
as tight as the unitarity bounds exploiting conformal invariance in general, but they make the 
point we want: repeated lowering of scale dimension with must always terminate. 

We conclude that within each conformal representation, n, of local operators at x = there 
must be one (Lorentz multiplet) scaling operator, C„(0), which cannot be further lowered. 



On is said to be "primary". Since the action of J^i, and S takes (the Lorentz multiplet) Ori(O) 
to itself, only translations ("raising") via connect the primary operator to other (Lorentz 




(2.8) 



[ir^,a(o)] = o. 



(2.9) 
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multiplet) scaling operators in the same conformal representation. That is, the primary On{0) 
and its derivatives, or "descendents" , at a; = span the irreducible conformal representation, n. 
Of course this representation is infinite-dimensional since the process of raising, differentiation, 
does not terminate. 

The remaining question is how [K^^, On{x)] can be represented for general x ^ and primary 
On- The result should be some local operator at x which is in the same conformal representation 
as On{x). By translation invariance and our results at x = 0, the result must be a linear 
combination of (multiple) derivatives of (9„ (x), which we can write as some differential operator 
acting on the primary operator, 

[K^,Onix)]=Vn{x)Onix). (2.10) 

If the primary is in a non-trivial Lorentz representation, then Vn is implicitly matrix-valued in 
this representation space. The coefficients of (multiple) derivatives can in general be functions 
of X, which is what is denoted by the x-dependence of P„(x). To solve for P„(x), we start with 
the general Jacobi identity, 

[P„ [K,,Onix)] - [[P^,K,],0„,{x)] + [K, [On{x),P^]] = 0, (2.11) 

which by the last of Eqs. (12.31) . Eq. (12.101) . and the first of Eqs. (12.41) translates into 

zVn{x)d^On{x) + 2{x^d,x,d^)On{x) - 2iT.lM^) + 2?7^.(A„ + x.d)On{x) 

-ld^{Vn{x)On{x)) = 0. (2.12) 

From this, it follows that 

d^Vnix) = 2t{x,d^ - x^d,) - 2i:;^ - 2tr]^,{An + x.d). (2.13) 

It is straightforward to check that this is solved by 

P„(x) = -t{x''d^-2x^x.d-2x^A,,)-2x''^'''^,, (2.14) 

where the integration constant vanishes, T>n{0) = 0, because [i^', (9„(0)] = by definition of 
"primary" . 

We have arrived at the result 

[K^,On{x)] = -i{x^d^-2x^x.d-2x^An)On{x)-2x'T.l^On{x). (2.15) 

3 Geometrizing Conformal Field Theory 

While conformal invariance provides a powerful constraint on quantum field theory, the trans- 
formation laws are somewhat opaque at first viewing. Ideally, we would like some way of 
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"geometrizing" them and making them more intuitive. A rough analogy is what happens in 
supersymmetric field theory where the supersymmetry transformations between component 
fields are quite complicated. But one can formally extend Minkowski spacetime to superspace, 
whose "isometries" contain the supersymmetry algebra. Different spacetime fields related by 
supersymmetry then unify into a single field on superspace. Such a "superfield" transforms 
simply, according to its geometric status on superspace. Similarly, the approach of geometriz- 
ing conformal symmetry leads to the extension of ordinary 4D Minkowski spacetime to (the 
Poincare patch of) AdS^. Our motivations and approach in this section are similar in spirit to 



We begin (and proceed until Section 7) with the simplest kind of conformal representation 
of local operators, namely one where the primary operator is a single Lorentz-scalar 0{x). A 
scalar field has simple spacetime transformations, namely the spacetime argument of the field 
alone transforms, x — )■ x'. Indeed, the first two of Eqs. ( 12. 4p show that (9 is a scalar field in this 
sense (for E^j, = 0) under infinitesimal Poincare transformations. However the latter two of 
Eqs. (12. 4p show that this is not the case for dilatations and special conformal transformations: 
they are not captured purely by x — )■ x', there are extra terms depending on the scale dimension, 
A. Let us try to remedy this. 

3.1 Geometrizing dilatations 

We first focus on just dilitations, neglecting special conformal transformations. There is a 
simple trick for making dilatations act only on coordinates, by introducing a fictitious fifth- 
dimensional coordinate, w > 0, and defining a 5D "field" , 



In this way, all dilatations and Poincare transformations (which form a closed subalgebra 
of the conformal algebra) are realized on 5D spacetime. 



Refs. |26] [n] [27] [28 



(j){x, w) = w'^0{x). 



(3.1) 



Obviously, the transformation law of O is thereby re-expressed as 



i[S, (j){x, w)] = {x^d^ + wdw)(j){x, w). 



(3.2) 




(3.3) 
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and (j){x, w) transforms simply as a scalar field with respect these. To "geometrize" this sym- 
metry we must identify it with isometries of some 5D spacetime geometry. It is straightforward 
to see that the unique (Lorentzian (4 + 1)D) geometry with isometries given by Eq. (13. 3 p is 
that of AdS^: 

ds\^s = ^^iVf^^dx^dx'' - dw^), (3.4) 

where r]^,^dx^dx'^ denotes the usual 4D Minkowski metric, Racis is a constant radius of curvature, 
and w > 0. From now on we will work in RAds = 1 units. RAds-dependence can be recovered by 
dimensional analysis. Eq. (13.41) describes only the "Poincare patch" of AdS^. (See the reviews 
of Ref. [9].) We will discuss later in this section why we are naturally restricted to this patch, 
starting from CFT in Minkowski spacetime. 

Notice that this spacetime has the same causal structure (null geodesies) as 5D Minkowski 
spacetime, 

dsloMink. = Vt^iydx'^dx'' - dw^. (3.5) 

The restriction to w > means that physics in AdS^ is causally equivalent to physics on half of 
5D Minkowski spacetime, w > 0. That is we are doing physics on a spacetime with a boundary 
at w = 0, on which boundary conditions will have to be stipulated. Particles moving at light 
speed can propagate from this boundary to points in the interior in finite time, even though 
the boundary is infinitely far away in proper distance. The boundary of AdS:^ will play an 
important role in the AdS/CFT correspondence to follow. 



3.2 Mismatch in AdS/CFT conformal transformations 

It is straightforward to check that, although we have only demanded isometries corresponding 
to scale and Poincare symmetry, the 5D spacetime isometry algebra is "accidentally" larger, 
encompassing infinitesimal special conformal transformations as well, but taking the 5D incar- 
nation 

S^^xf" = (x^ - ^2)5/ - 2x^x^ 

^K^u) = —2xiyW. (3.6) 

The algebra of 5D isometries, Eqs. (13.31 13. 6p . is readily checked to be isomorphic to the 
conformal algebra §1 

With this 5D realization of the full conformal symmetries, we will try to promote our scalar 
primary operator 0{x) into a 5D AdS scalar field, (f){x,w), such that only the coordinates 
transform under any of the conformal transformations, according to Eqs. (13. 3[ 13. 6p . Eq. 

^ Indeed the conformal group is isomorphic to S'0(4, 2), and AdSs can be realized as the (covering space of 
the) hyperboloid, + — Xf - X2 - — = R\j_s, manifestly symmetric under S'0(4, 2), where Xm 
transforms in the fundamental representation. 
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(13. ip was constructed so as to accomplish this for scale symmetry, but the special conformal 
transformations do not match between their CFT and AdS forms (Eqs. (12.41) and (I3.6p ): 



compared with 



= w'^{-2x^x.d + x^d^,-2Xf,A)0{x) 

= {—2x^x.d + x'^d^ — 2x^wdyj)(j){x,w), (3.7) 

6if^<P{x,w) = (4^x^^)9,0 +(5^»9^0 

= {—2Xfj_x.d + {x"^ — w'^)d^ — 2x^wdw)(f){x,w). (3.8) 

As can be seen these do not match in the w"^ term. Therefore, as it stands, Eq. ( 13. ip does not 
define an AdS scalar field. 



3.3 AdS/CFT matching of conformal transformations 

To try to improve our construction of 0, note that as we approach the AdS boundary, w 0, 
the discrepancy discussed above disappears. So let us retain Eq. (13. ip as only the limiting 
behavior near the boundary, 

0(x,w) — >w^O{x). (3.9) 

We shall see that there is then a unique way of extending (p to the interior of AdS, so that is 
a properly transforming scalar field under all the isometrics of AdS. 

To see this, let us assume we have such a already in hand, and deduce its properties. The 
5D AdS d'Alambertian operator, 

□5 = -^dMVGG''''iw)dN = w^D^ - w^d^—a^, (3.10) 

(where Gmn is the AdS metric and M,N = fi,w) is an AdS-invariant hermitian operator 
acting on AdS scalar fields, so we can always choose to decompose our in an eigenbasis of 
□5. Eigenfunctions of — Ds satisfy an AdS Klein-Gordon equation 

-□50 = m20, (3.11) 

for some eigenvalue m|. One can easily separate variables and solves such equations, but let 
us just focus on the behavior of eigenfunctions near the boundary of AdS, if — )■ 0. For this 
purpose, note that the ^4 term is subdominant as w — 0. Therefore eigenfunctions satisfy 

w^d^^d'^cp mU. (3.12) 
This gives the near-boundary solution 

<P{x,w)^w^^^^^. (3.13) 

to— >0 
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Comparing with Eq. fl3.9p . we see that the AdS-scalar field we are trying to construct from 
0{x) must be a pure eigenfunction, satisfying the AdS Klein-Gordon equation f lS.lip . with 

m^ = A(A-4). (3.14) 

We have arrived at a unique prescription for how to construct (l){x,w): solve the Klein- 
Gordon equation Eq. (13. lip with AdS mass-squared, Eq. (I3.14p . subject to the boundary 
asymptotics, Eq. (13. 9p . Conformal transformations of 0{x), Eq. (12. 4p . match AdS conformal 
transformations of boundary conditions Eq. (13. 9p (since the w"^ term discrepancy in special 
conformal transformations pointed out in the last subsection becomes negligible as w — )■ 0). 
Since the AdS Klein-Gordon equation is invariant under AdS isometries, a conformal trans- 
formation of the AdS boundary conditions induces an AdS symmetry transformation of the 
solution (f){x,w) everywhere in AdS. In this way conformal transformations on O induce AdS 
symmetry transformations on as a scalar field. 



3.4 The direct approach 

The above logic is perfectly correct, but may seem a little slick on first reading. It is therefore 
useful to see a more blow-by-blow account of the same result. It is efficient to work in 4D 
momentum space, but remain in position space in the fifth dimension. It is then straightforward 
to see that Eq. (13. ip can be generalized while retaining the feature that is a scalar field under 
dilatations and Poincare transformations: 

0(p^, w) = k{pW)w^O{p), (3.15) 

where k is an arbitrary function. Clearly, with this generalization, remains a scalar under 4D 
Poincare symmetry, and is also invariant under 

6sw = w. (3.16) 

We will choose k by demanding that special conformal transformations, K^^, match up 
between the GET version on O, Eq. (12. 4p . and its action on (p as an AdS scalar, Eq. (13. 8p . 
Given that this was already successful for Eq. ( 13. ip for small w, we take Eq. ( 13. ip as our small 
w limit of Eq. ( KTB . 

k{0) = constant. (3-17) 

We have generalized in an obvious way by letting the constant be arbitrary (rather than unity 
as in Eq. (13. ip . for later convenience. The passage to 4D momentum space of Eqs. (12.41 13. Sp . 
follows from the usual 

df, = -ip,, 

x^ = idp^. (3.18) 
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After a little algebra, one finds from Eq. fl3.8p and Eq. (12. 4p 



5Pf<P{p,w) ^ {-{w' + dl)p, + 2d,^dp.p-2wd^d,J{k{pW)w''0{p)} 

= tk{pW)w^[K^^^, 0{p)] - p^w^+^0{p){Awyk" + 4(A - l)k' + k} 

= t[K^^^,(f){p,w)]-p^w^-'^0{p){Awyk" + A{A~l)k' + k}, (3.19) 

where primes indicate differentiation of k with respect to its argument. The required condition 
for agreement betweeen AdS and CFT representations of special conformal transformations is 
therefore 

4wYk" + 4(A - l)k' + k = 0. (3.20) 
This is precisely equivalent to the AdS Klein-Gordon equation, 

-□50 = A(A-4)0, (3.21) 

and Eq. ( 13.17^ is equivalent to the AdS boundary condition of Eq. ( 13. 9p . 

Eq. (I3.20p is straightforwardly massaged into a Bessel equation, with boundary condition 
Eq. (13.171) . The solution is given by 

k{pW) = {pWy-^/^JA-2{Vl^). (3.22) 

Eq. (I3.15P then reads 

(Pip,w) = w\p^y-^/^JA-2{V^)Oip). (3.23) 

3.5 Obstruction to AdS/CFT at level of operators 

Although we have realized conformal symmetry in geometric terms, Eq. (13.230 is problem- 
atic as an operator equation. In general we should be able to probe this equation for arbi- 
trary Pfj_, timelike or spacelike. Both will appear when we Fourier transform back to define 
(j){x,w). In such a Fourier integral over p, there is no problem for large timelike p, where 
J ~ cos{>y p'^w'^ — constant) / (p^ty^)^/^, but for large spacelike p the oscillatory behavior contin- 
ues to an exponential growth, J ~ e v^^^/(— p^ty^)^/^. Because of this the Fourier transform 
is ill-defined. If we were to simply neglect the spacelike Fourier components, we would not 
faithfully translate the local operator O into AdS. See also Ref. [27] . 

3.6 Construction of AdS/CFT at level of states 

Fortunately, we will not need a full AdS scalar field operator in general. Essentially, we will be 
able to proceed with a state in the CFT which transforms as an AdS scalar field, which follows 
by acting with the above construction on the vacuum state: 

\p,w) = k{p^w^)w^O{p)\0) = w'(/)^-'^/Va_2(\/pW)O(p)|0). (3.24) 
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The reason this is safe is that O acting on the vacuum can only create physical states, which 
have timelike 4-momenta with positive energy. Therefore the right-hand side automatically 
vanishes for spacelike p, and we can Fourier transform to position space without difficulty: 

J J (27r)^2A/p^ + 

d^x'w^ [ dm^ [ m'-^"e^P-("-"')jA,„2(mw)C'„(xO|0). (3.25) 

J J (27r)^2A/p^ + 

We have used the standard identity between integration measures, 

"^'P-Mpyipo)... = [ dm \^ (3.26) 



(27r)4 J (27r)42v/p^ + m2 

where 

po = ^/fp + m^, (3.27) 

taking advantage of the positivity of po?P^ for physical states. The large-m rapidly oscillating 
asymptotics J{mw) ~ cos(mw + constant) / ^mw ensures convergence of the integral. (For 
example, the Fourier transform of f{x) = \x\°' is finite, and shares the same asymptotics as the 
m- integral.) 

By construction, the CFT states, \x,w)n, transform simply under conformal symmetry by 
having (x, w) transform as points in AdS^, and are related by the AdS Klein-Gordon equation, 

(□5 + A„(A„-4))|x,«;)„ = 0. (3.28) 



3.7 Interpreting AdS/CFT degrees of freedom 

The introduction of the "fifth dimension", w, cannot be just an algebraic trick; it represents a 
degree of freedom, and we should understand in what sense. We will settle for an intuitive but 
non-rigorous accounting. It will provide useful perspective but not be an essential part of the 
technical derivation. See Ref. |29| for a different, more precise, counting of AdS/CFT states. 

We will see that there are really three equivalent desciptions that we are juggling. The first 
is simply given by CFT states in the Hilbert space (independent of time). The second is given 
by the \t = 0,x,w)n states in AdS, in which "w" tracks the size of CFT states, but in a way 
that simplifies the action of special conformal transformations. The third description, used en 
route from the first to the second, is given by using time, or more precisely age, as a way of 
keeping track of the size of CFT states. A good analogy for this last description is given by 
the way we describe a child. We can always say, "my daughter is three feet tall". That is a 
very direct statement of the child's state. But we frequently use a different description: "my 
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daughter is a three- year-old" . Here, we have used the time it takes to grow a child three feet 
tall to describe the child right now. 

Let us start with Eq. fl3.25p , which is a complete set of superpositions of CFT states of the 
form, 

O{x)\0) = e^^^^^*O(f,0)|0), (3.29) 

in a way that geometrizes conformal symmetry considerations. Note that even \0,x,w)n are 
superpositions of CFT states of the above form at different times, t. Att = 0, the usual Heisen- 
berg operators are just Schrodinger operators. The Schrodinger operator acting on the vacuum, 
0{x, 0)|0), is just a point-like disturbance of the vacuum at the point x. Time evolution, given 
by e^^cFTt ^ results in the spread of the disturbance to a finite size, maximally of radius t, given 
causality. (Whether t is positive or negative is immaterial). In other words, an experiment 
localized outside the ball of radius t about x will be unable to distinguish such a state from 
the pure CFT vacuum |0). Let us call such Schrodinger states which are indistinguishable from 
the vacuum outside some finite ball, "finite-radius states". We see that any local Heisenberg 
operator acting on the vacuum is necessarily of this type. 

While we know that time evolution will in general cause a point-like disturbance to grow to 
finite size, this does not by itself tell us the precise nature of that growth. But scale symmetry 
gives more information in this case. By spatial translation invariance we might as well focus 
on a local disturbance originating at x = 0. Let us apply a finite dilatation, by a factor A > 0, 
to the time-evolved disturbance, 

A^^e^^^^^*C(0,0)|0) = A^e^^^^^^*C(0,0)|0), (3.30) 

following from O being a (primary) scaling operator of scale dimension A. In other words, 
time evolution of this local disturbance is essentially rescaling of the disturbance. This is just 
the moral of the three-year-old. Note that it is only this simple for states created by a scaling 
operator. In a general superposition of such states, following from a general local operator, 
different factors of A'^ change the superposition upon rescaling. 

In this way, we see that if we take a snap-shot of the set of states that can be created by 
the Heisenberg operator O on the vacuum, they are finite-radius states with a spatial center 
X, some particular size, and a "shape" consisting of all other scale invariant properties of their 
Schrodinger wavefunctional. Different primary operators acting on the vacuum will correspond 
to different "shapes" , but all will have a center x and an overall size. As a matter of counting, 
it is the size degree of freedom of these states that is encoded in the fifth dimension w, in the 
subtle manner of Eq. f l3.25p . Objects which are really smaller in the CFT appear to be "further 
back" in the fifth dimension (at smaller w). 

As time proceeds, finite-radius states evolve among themselves. As we saw, in the language 
of 0|O) they simply grow, while in the language of |x, w) they evolve according to the AdS Klein- 
Gordon equation with m\ = A(A — 4). It is in this sense, that the apparent "extra" degree 
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of freedom of the fifth dimension is compensated by the fact that the \x,w) are constrained 
by the Klein-Gordon equation, while there is no such contraint in the direct CFT language of 
C(x)|0). This reflects the so-called on-shell/off-shell aspect of the AdS/CFT correspondence. 

Finite-radius states clearly span an interesting subspace of field theory Hilbert space, which 
is closed under time evolution. We have seen that states created on the vacuum by a single 
local operator are among the finite-radius states. But, at first, it might appear that finite- 
radius states contain other possibilities. For example, 0{x)0{x')\Q) is also clearly a finite 
radius state. However in a scale-symmetric theory, this state, and all finite-radius states, can 
indeed be expressed as a single local operator acting on the vacuum. This is because given a 
finite-radius state we can act on it with a dilatation so as to "shrink" it to infinitesimal size. 
The shrunk state is now an infinitesimal disturbance of the vacuum. In other words, it is the 
result of some local operator acting on the vacuum, an operator which can then be expanded 
as a linear combination of primary scaling operators. For example, 

y^C(x)C(x')|0) = A2^C(Ax)C(Ax')|0), (3.31) 

and as A — i- the two operators on the right-hand side approach each other at the origin, 
and can therefore be replaced by their OPE. The mapping, in this sense, between finite-radius 
states and local operators is a reflection of the state- operator map of CFTs, made precise in the 
Euclidean field theory formulation|§ 

Eq. (I3.25P defines a map for every scalar primary operator On of the CFT to an AdS- valued 
state \x,w)n, with AdS mass-squared = A„(A„ —4). We will later show that this extends 
to non-scalar operators as well. In this way, we map all finite-radius states of the CFT to 
AdS states. More precisely, we have mapped onto states in the Poincare patch of AdS. This 
restriction to just the AdS Poincare patch reflects our restriction in the CFT to just finite-radius 
states on 4D Minkowski spacetime. When the CFT is formulated on a spatial 3-sphere plus 
time, one instead obtains an AdS/CFT mapping to the entirety of AdS spacetime |26]. This 
"complete coverage" reflects the fact that on the finite 3-sphere, all CFT states are necessarily 
"finite radius" states. 

We do not repeatedly return to state these qualifications in what follows. In essence, we 
have mapped CFT states to AdS states in a manner that faithfully realizes the conformal 
symmetries as AdS isometries. The CFT is therefore some AdS theory in disguise: CFT 
Hilbert space carries a representation of the AdS isometries. The question becomes, what AdS 
theory? 

®This is usually derived in two dimensions, but extends straighforwardly to higher dimensions. See Ref. |30] 
for a review. 



17 



3.8 Free AdS field equations do not imply free AdS dynamics 

The fact that the AdS states constructed, Eq. (13.251) . satisfy free field equations in AdS, in no 
way imphes that the AdS theory is a theory of free particles. This issue arose in Ref. [26]. For 
example, in standard QED one may have a state with 4D invariant mass 1 MeV and charge 
— e, consisting of a single electron interacting with a (changing) number of photons. Such 
a state would satisfy a "free" Klein-Gordon equation with invariant mass 1 MeV, preserved 
by energy-momentum conservation, but of course the elementary particles within this state 
are interacting. What is unfamiliar is that the AdS^ mass-squared spectrum is discrete, not 
continuous, matching the discrete set of primary operators (and scaling operators) in a CFT. 
For example, in free field theory in Minkowski spacetime a state consisting of two identical 
massless particles can realize any positive invariant mass-squared. However, in AdS free field 
theory such a two-particle (or more generally multi-particle) state can only take discrete values, 
as explained in the next section. It is in this sense that AdS curvature is sometimes said to 
effectively act as a "box", even though AdS space is not compact. 

Nevertheless, there is a limit in which the CFT really does simplify such that the \x,w) 
become free particles in AdS. This is the large- A^^coior limit. Before studying that, let us first 
see what the "target", free (scalar) field theory on AdS^ looks like. 



In this section, we review some basics of free quantum field theory in AdS^, without any 
reference to a CFT connection. 

4.1 Separation of variables 

The free scalar action on AdS is given by 



where Gmn{w) is the AdS metric, corresponding to Eq. (13. 4p . Integrating with respect to w by 
parts (not worrying about the AdS boundary term, momentarily) and changing field variables 
to 



4 Free AdS Scalar Field Theory 



s 




(4.1) 



0(x,w) = ti'^/^0(a;, w) 



(4.2) 



the action takes the form 




(4.3) 
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If we can diagonalize the hermitian differential operator, 



„2 (15/4 + m2) 



we will be able to separate x and w variables, and write the action as a sum of purely 4D free 
field modes, with 4D mass-squareds given by the eigenvalues of Eq. f l4.4p . In other words, 
we will have achieved a "Kaluza-Klein" decomposition of the free 5D field into many 4D 
component free fields. 

This diagonalization again involves Bessel functions (not coincidentally), 

{-dl + ^^^^^ ;t ""'^ = m'{{mwy/'J^ j^{mw)}, m > 0, (4.5) 

tij V V 

as can be straightforwardly checked by massaging this equation into Bessel form. 

4.2 Boundary conditions and complete basis of eigenfunctions 

We can now be careful about the boundary term in the integration by parts above, by noting 
the near-boundary behavior of these eigenfunctions, 

(mM;)^/V^yj^(mw) — constant (mw)^/2^V^+^. (4.6) 



Therefore if we expand (j) in terms of a general linear combination of (mw)^/^ J^^ ^_^^2 (mw) 

and (mwY^"^ J _^y^j^{mw) , it is the latter term which would dominate for w ~ 0, in which 
case throwing out the boundary term of the action in the integration by parts we performed 
above is illegal. But the boundary term vanishes if we choose only the positive root for the 
eigenfunctions, and as long as the square-root is real, 

ml > -4. (4.7) 

We will proceed by taking these conditions, one a boundary condition and the other a restriction 
on mass, to hold in constructing AdS field theory. Eq. ( 14. 7p is the Breitenlohner-Freedman 
bound (if one includes the more delicate possibility of ml = —4, which we avoid in this paper 
for simplicity) [31]. 

The restriction to just the positive-root eigenfunctions (mw)-^/^ J^^ ^^^2 (mw) provides a 
complete and orthonormal basis for functions on the half-line w > 0, captured by the standard 
Hankel-transform (also known as the Bessel- Fourier transform): 

dw {mwf''^J^j^^{mw){m'wf^'^J^j^;;^{^^ = 5{m - m') 

dm {mwY^^J^^^^^^{mw){mw'Y^^J^y^^{mw') = 6{w-w'). (4.8) 
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4.3 "Kaluza-Klein" decomposition into 4D modes 

We can use this basis to expand and hence 0, 

POD 

4){x,w) = I dm Xm{x){mwfl'^ J ^^^:^^{mw) 







poo 

(f){x,w) = "^^^ J d'>T^ Xm{x){mwy/^J^^^^^^{mw), (4.9) 
and re- write the action, 

S^-^Jd^xJ^ dm Xm{di,d^ + m^jxm- (4.10) 

In this form, we see that we have a continuum of component 4D free fields, Xm{x), with 4D 
masses, m. 

To quantize as an AdS scalar free field, we must quantize the Xm{x) as free scalar fields 
in 4D Minkowski spacetime, 

Xm{x)= f "^'^ {al(^e''y^+"'''-'P-^ + a^(p)e-Vp^+"^'*+^P-n, (4.11) 

^ ^ J (27r)3(2Vp^ + m2)V2^ -^^^ ^ ^ 

but with the continuum normalization, 

[al{p},a,n'{q}] = 5{m - m'){2T^f5\p - q) 
[«L(p),«In'(€)] = 

[am{p),am'{q)\ = 0. (4.12) 

4.4 AdS Feynman propagator 

The free-field (f) propagator is then given by 

(O|T0(a;,w)0(O,'u;')|O) 

^{ww'f j dm J dm'{mm'Y''^J^^^^{mw)J^^^^{m'w') 

X {e{tmXrn{x)Xrn'm^)+0{-tmXn^{^)Xn^\xm] 

— {ww'Y j dm j dm'{mm'Y^^ J ^jj;^^{mw)J ^j-^;^^{m'w') 5{m — m')Gm{x) 
= {ww'f j dm m J ^^^{mw)J ^j^{mw')G^{x), (4.13) 

where Gm{x) is the standard Feynman propagator in 4D Minkowski spacetime for a scalar field 
of mass m, 

d^p i 



Gm{x) = / (4.14) 
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Note that the m-integral converges for large m because of the oscillatory Bessel asymptotics, 



It is straightforward, using Eq. f l4.8p . to show that the (j) propagator is the "inverse" of the 
AdS Klein-Gordon operator in the usual sense: 



(□5,(.,«,)+m2)(O|r0(x,«;)0(O,^')|O) = (4.15) 



That is, 



{omx, wmx',w'm = (4.17) 

The appearance of "ie" is due to the time-ordering, which we can see as follows. Indeed, an 

ie is there in Eq. f l4.13p . inside the 4D Feynman propagator Gm{x) = 9^ — + ie). We 

see that there is a single combination "—5^ + ie" which appears together there. Since —d^ 
originates from 

□5,(x,«,) +ml= w^d^ - w^d^ird^ + ml (4.18) 

it follows that the ie appears only in the combination — □5,(x,«)) + ie, hence Eq. fl4.17p . Because 
OAdS5,ix,w) + rn\ — ie is invariant under AdS isometries, even including the ie, it follows that its 
inverse, the time-ordered propagator, is also invariant. That is, 

{<d\T<p{x + 5x,w + 5w)(t){x' + 5x' ,w' + 5w')\Q) = (O|r0(x, m;')|0), (4.19) 

where {6x, 6w) correspond to any of the infinitesimal isometry transformations of Eqs. (13. 3[ 

eidIiI 

4.5 Discreteness of multi-particle mass spectrum 

Let us turn to the properties of a single free AdS particle state under dilatations, realized in 
AdS as X — )■ Aa; and w — > Xw. Such a state is given by the free field operator acting on the 
vacuum, 



(x,wm=w^^^ [ dmimwf/^J r—^imw) I ' ^'^ e'^^^'-'^-"^ aUm) 

^ ^ >\ ' j y ) 'J (27r)3(2VFTT^)V2 ' 



(4.20) 



^This would be totally obvious given that (j) is an AdS scalar field, except for the time-ordering subtlety. 
But we have shown this prescription to be completely equivalent to the it prescription, which is manifestly 
AdS-invariant. 
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Given the (convergent) series expansion of the Bessel function, 



oo 



4+mi+2fc 



J rr-^iO = > , — , (4.21) 

fc^2v^+2"r(A: + l + v/4T^) 



and the usual series expansion of the exponential in ^^yW+^^^-^^v-^ ggg that this state is a 
superposition of dilatation eigenstates with discrete eigenvalues of the form ■\/4 + mg + 2 + /c, 
where is a non-negative integer. 

This is straightforwardly generalized to an AdS two-free-particle state, where we see that 
the dilatation eigenvalues must be the sum of two possible one-particle dilatation eigenvalues. 
That is, the dilatation eigenvalues of the two-particle state are also a discrete set, of the form 
•\/4 + m| + a/4 + m!^ + 4 + fc, where A; is a non-negative integer. Any AdS state, including this 
two-particle state, can be decomposed as a superposition of states with definite AdS-invariant 
mass-squareds, M|. By essentially the above logic, a state (with however many free particles) 
with AdS-invariant mass-squared M|, must be a superposition of dilatation eigenstates with 
a discrete set of possible eigenvalues, a/4 -|- M| -|- 2 -|- fc. We thereby conclude that the two- 
free-particle state must be a superposition of states with AdS-invariant mass-squareds M|, 
satisfying 



'4 + M|2_p„,,.,;, = ^4 + mi + ^4 + m!^ + k, k arbitrary integer. (4.22) 

In particular, this discrete set of Ml^-particie verifies the claim made in the last section: unlike 
Minkowski spacetime, in AdS one cannot obtain a continuum of invariant mass-squareds by 
simply considering multi-particle states. If this were not the case, any AdS / CFT correspondence 
would be puzzling since the scaling dimensions (dilatation eigenvalues) of local operators in a 
4D CFT is discrete, since the local scaling operators form a discrete set. 



5 1/N 

Let us return to the AdS/CFT plot. Our AdS fields, constructed from composite CFT op- 
erators, are not automatically free fields. A free (AdS) field only has two-point connected 
correlators, whereas our AdS fields are (superpositions of) composite CFT operators, which in 
general have multi-point connected correlators, even if the CFT itself is free. Instead, for our 
AdS construction to be free requires the limit of a new small parameter. The classic example 
of such a small parameter is in a large- A'coior gauge theory structure for the CFT, where 
all the "elementary" fields of the CFT are in adjoint representation of the gauge group. Then, 
all local (gauge- invariant) CFT operators can be written as products of the subset of local 
single-color-trace opereitoTs, On{x), whose correlators have a simple iV-scaling (see Ref. [I3] for 
reviews) : 

connected ~ i^rh o' 

(5.1) 
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Here, the operators have been suitably normahzed with a power of N so that the two-point 
function is order one. Scale symmetry precludes one-point functions, so > 2. In particular, 
in the N = oo limit, only two-point connected correlators survive, just as required. 

In what follows, it does not matter that the CFT literally has a large- gauge structure, 
but rather that the CFT is at least "1/A^-like", in that there is some small parameter, and 
a preferred subset of operators in terms of which all local operators are products, which for 
convenience we will continue to call "1/A^" and "single-trace" respectively, with scaling given 
byEq. (I5A|) . 

5.1 N = oo = (infinitely many) AdS free fields 

By the above scaling, once we set N = oo, all correlators factorize into products of just two- 
point functions of single-trace operators, 

(oiai(xi)a,(x2)|o). (5.2) 

Consequently, conformal invariance implies that single-trace operators transform among them- 
selves. Therefore, single-trace operators can be decomposed into single-trace primary operators 
and their single-trace descendents. We continue by letting C„ denote just the single-trace pri- 
mary operators. We again restrict to Lorentz-scalar On for now. Conformal invariance can be 
used to diagonalize their correlators, 

(0|ai(a;i)O„,(x2)|0) (X(5„,„,. (5.3) 

This follows by noting that 

{0\On,iXi)Kf,On,{x2)\0) = -^(x^Sa,^ - 2X2,^X2.^2 - 2X2,^ A„ J (0 1 (Xi ) (X2) 1 0) 

= ^{xl^,,^ - 2xi,^xi.9i - 2xi,^A„J(0|a,(xi)a2(a;2)|0), (5.4) 

where we have commuted K^^ forwards in the right-hand side of the first line and backwards 
on the second line. By translation invariance, (0|(9„j(xi)C„2(x2)|0) is a function of Xi — X2, so 
that the last equality implies that (A„^ — A„2)(0|(9„j(xi)(9„2(x2)|0) = 0. That is, non-trivial 
correlators require A„^ = A„2- One can straightforwardly further diagonalize primaries with 
degenerate A„ so that Eq. (15. 3p holds. 

The spacetime dependence is determined by inserting between the operators a resolution of 
the identity in terms of a complete set of states, \p, m, a), of spatial momentum p, invariant 4D 
mass m, and any other label/feature a, as well as Eq. f l3.26p : 

{0\OnAxi)On,ix2m = V / rfm^ /" fjL = {0\OnAxi)\p,m;a){p,m;a\On,ix2)\0) 

= 5.,n.$^ / dm' I d^P^_^ ,^P.(^.-^.) I (0 1 (0) \p, m- a)\' 

J J [2'Ky2\/p^ + 
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The matrix element in the second hne must be a 4D Lorentz invariant since we are only 
considering Lorentz-scalar On for now, and therefore it is actually independent of p. After 
summing over any a, it must scale as m^^"i~^ simply by dimensional analysis, since there 
is no intrinsic scale in the CFT. The proportionality constant in the last line will define the 
normalization of the operator, which we leave open for now. We only consider non-coincident 
points, xi 7^ X2, so that these expressions are well-defined and convergent by virtue of the 
rapidly oscillating phase factor for large m or p. 

Because two-point correlators are the only connected correlators to survive at = oo, we 
see that local single-trace operators always appear in the combination {0\O{x)... or ...O{x)\0). 
This means that at = oo we can return to the operator form of AdS/CFT map, Eq. fl3.23p . 
and define AdS-scalar field operators associated to each scalar primary single-trace operator [26], 

MP,w) = w'{p'y-^"/'jA^^2{V^)On{p), (5.6) 

which can then be Fourier transformed to Recall, that such a construction failed 

in general because the Fourier integral was ill-defined for spacelike p, due to the exponential 
growth of the Bessel function in that regime, and that O in a general theory and correlator 
has support at both spacelike and timelike momenta. However, at A^ = oo the fact that On{x) 
always appears acting on the vacuum (bra or ket) implies that only timelike momenta can 
appear, namely the momenta of physical states interpolated by On on the vacuum. 

Using the identity of Eq. fl3.26p we can explicitly project onto only timelike momenta and 
positive energy, knowing now that spacelike momenta cannot appear within correlators, and 
explicitly write the Fourier transform to convert (j)n{PiW) to (/)„(x,w): 

(j)n{x,w) = [ d^x'w^ [ dm^ [ m^~^"e^'^-("-"'^JA„_2(mw)C'„(xO. (5.7) 

J J J (27r)'^2A/p^ + 

By construction 0„(x) transforms under conformal symmetry as an AdS-scalar field, and sat- 
isfies the AdS Klein-Gordon equation, 

= A„(A„-4). (5.8) 

We immediately see that the only time-ordered connected correlator of such AdS field op- 
erators that does not vanish is the two-point correlator, since this is true of On, and it is given 
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by 

{0\T(^^{x,w)^n'{0,w')\0) 



(27r)42v/^ 



/2 



X {^(t)(oia(x')a'(a;")|o) + ^(-t)(oia'(a;")a(x)|o)} 

(27r)32v/p^ + m2 

oc Snn'iww')'^ dm 1717^^^2(^10) Ja ,-2{rnw')Grn{x). (5.9) 



(X (5„„,(W)2 / f/m^ / ^ , :JA„-2(mw)JA„,-2(mV){g(t)e-^- + g(-t)e^^-} 



The second equality follows by plugging in Eq. fl5.5p and doing the x' and x" integrals. We 
have arrived at the free particle AdS scalar propagator for mass m,l^_^ = A.„(A„ — 4), up to a 
normalization constant to be fixed later. Therefore at = 00, arbitrary 0„ correlators satisfy 
a Wick Theorem where they factorize into products of free AdS propagators. In other words, 
the CFT at A^ = cxD defines a free AdS field theory, but with a discrete infinity of fields. (Again, 
we have restricted to Lorentz-scalar fields/operators for now.) 

Our job now is to expand away from the N = 00 limit, and understand the general structure 
of fc— point correlators at leading non- vanishing order in 1/A^, namely the planar limit. We will 
see that it is precisely given by a set of tree diagrams in AdS with local AdS vertices. 



5.2 A confining deformation in the planar limit 

We will accomplish this task by connecting it to the more familiar large- A^ expansion of confining 
theories. Let us imagine that one of the scalar single-trace primary operators O has dimension 
2 < A < 4, so that it can be used as an IR-relevant deformation of the CFT: 

CcFT CcFT + a^-^O. (5.10) 

The dimensionful coupling constant of the deformation has been expressed as a power of a mass 
parameter a. If other single-trace operators are irrelevant, this deformation does not introduce 
any new divergence. (This implies that all other local operators are irrelevant because multi- 
trace operators have scaling dimension equal to the sum of their single-trace factors, up to order 
1/A^ corrections. In an expansion in the deformation to k-th order, a new divergence would 
have to take the form {a'^~^)^ A'^^^^^^O' , where d> corresponds to some degree of divergence, 
k > 1 integer, and O' is the form of the local divergence. This is impossible by dimensional 
analysis.) The deformation represents a soft breaking of conformal symmetry. Far above a the 
deformed theory behaves like the undeformed CFT. But near a and below, conformal symmetry 
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is badly broken in the deformed theory. We will assume that this leads to confinement in the 
JR. This means that the deformed theory is a large- confining theory for which the standard 
leading expansion, or planar limit, follows. We can recover the undeformed CFT by taking 
the limit a — t- 0. The results derived in the end will not depend on cr, which can therefore be 
seen as merely a convenient intermediate IR regularization of our thinking. 

In position space, we see two qualitatively different regimes. Correlators, {0\TOi{xi)O2{x2) 
... Ok{xk)\0), in the deformed theory will very closely approximate those of the undeformed 
CFT if all length scales are small compared to the confinement scale, \xi\, ^ cr~^. But 
the confining character of the deformed theory will be apparent once we consider length scales, 
\x'^\ ^ a^^. For example, the confining theory will have a "glueball" spectrum with 
characteristic cr-scale splittings. Localized and separated wavepackets in xi, x^ with sizes of 
order 1/a can be chosen to produce, scatter, and detect specific glueball states. By contrast, 
with wavepackets restricted to sizes ^ l/o", the operators O will necessarily have the momenta 
to produce or aborb many different glueball states. In this sense, the deformed CFT allows us 
to get "outside" the CFT and to probe it with a finer scalpel, as the correlators can be tuned 
to put exclusive glueball states nearly on-shell. 

Indeed, the general analysis of all such confined glueball scattering processes in the planar 
limit, is well known and independent of UV behavior. It is not invalidated by the fact that our 
confining theory is asymptotically conformal at short distance <^ 1/cr. The general conclusion 
is that glueball scattering is given by tree-level diagrams specified by a (4D) action. 



where the Xj ^ discretely infinite set of confined glueball fields with 4D masses rrij, and 
some spins (which we suppress). The glueball interactions, Cint, are given by /oca/ products of 
their fields and their derivatives. See the reviews in Ref. [13]. 

The locality of the glueball couplings in the planar limit is surprising. One might have 
expected that, since the Xi are composites with finite sizes of order a~^, their couplings would 
only appear local when viewed on distances much larger than a^^. But in the planar limit, the 
locality of couplings is exact, even on distances much smaller than cr^^. Glueball compositeness 
is instead manifested by the infinite number of glueballs, and compositeness-related form-factors 
can only arise from the infinite sums over j in virtual glueball exchanges in the tree-level glueball 
theory. It is this strict locality of glueball couplings that will be our key departure point for 
showing 5D locality when we take the cr — )■ limit to go to the undeformed conformal theory. 

Let us first compare the exact N = oo limit of the deformed CFT with the undeformed 
CFT. The confining deformed CFT is now given by free glueballs. 



glueball 



/ 



j 



(5.11) 




(5.12) 
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while we have shown that the undeformed CFT at = oo is equivalent to a free AdS theory 
with action, 

SAds = \y^l d^xdwVG{G''''dM^ndN4>n ' ml ^4>l} 

N=oo / ' / ' 

= E / / d'x{-^x';:\a, + m')xt\ (5.13) 

where we recall Eq. f l4.10p in the second line. We see that the infinite but discrete set of 
glueballs, Xj-, with a mass gap set by a becomes a continuous spectrum of 4D fields, Xrn\ as 
a ^ 0. 

Now let us consider the planar limit. As noted, what is striking in the deformed theory is 
that the interactions are precisely local, that is, polynomial in glueball fields and their spacetime 
derivatives, regardless of the scales being probed. In particular, this locality must remain at 
distances much shorter than l/o", or equivalently, for fixed distances with a — )■ 0. This means 
the undeformed CFT in the planar limit must be equivalent to a tree-level theory defined by 
the effective action, 

S = . . /■rf4a;{-^5^ /dmx(;:)(n4 + m2)xL"^ + A.,(x(x),9)}, (5.14) 

planar limit / / ' ' I 

^ n ^ 

where Cint{x{x)y 9) is local in x, in that it is made from polynomials in any of the fields Xm\x) 
and their x-derivatives. This is just the structure of the confined glueball theory when we can 
no longer resolve the 0{a) glueball splittings. For example a possible interaction term could 
be 

C{xix),d)D / dmi / dm2 / drus gn^nin^irrii, 1712,1713) Xml^d^Xm2^d''Xm!\ (5-15) 



where 5'nin2n3("^i5 "^2, "^3) is a coupling function of 4D masses. This generalizes the discrete 
glueball interactions in a confining theory, such as 

Cgiuebaiiixix),d) D ^gijk Xidf,Xjd^Xk- (5.16) 

One should think of Eq. fl5.14p as describing the planar limit of the CFT in precisely the same 
(familiar) sense that one thinks of Eq. (15.1ip as describing the confining deformation. 

Perturbative expansions in general, build interaction terms out of the free-field creation and 
destruction operators. In the confining glueball theory these are contained in the Xj) while in 
the undeformed limit these are contained in the Xm-, Eqs. (14.111 l^?T2l) . By the orthonormality 
relations of Eq. (14. Sp . one can rewrite the CFT action in the large- A^ limit in terms of the free 
field construction of Eq. (14. 9p . so that Eq. f l5.14p takes the form 

S = Y.\j d^xdwVG{G^'''dM<PndNK-mUl} + j d^xC,nti(f),d^). (5.17) 



27 



Again, the locality of interactions in terms of Xm{x) implies x-locality of interactions of w), 
in that Cint consists of polynomials in (j){x, ) and their x-derivatives. (There is also the input 
of 4D Poincare symmetry so that there is no explicit x-dependence in Cint-) 



5.3 Locality in the fifth dimension 

We still have no indication that these interaction terms are local in the fifth dimension, w. For 
example, a typical interaction, 

Cint{(l),df,) D J dwi J dw2 j dw3 g{wi, 102,103) J d^x (j){x,wi)d^(j){x,W2)d''(f){x,W3), (5.18) 

might have coupling function g with support where ^1,^2,^3 have finite separations. Let us 
show that this is not possible, by using conformal invariance which has been restored at cr = 0. 
That is, x-locality along with conformal invariance implies full 5D locality in both x and w. 

By its construction, the free field operator (j){x,w), which then appears in the interaction 
terms of Eq. (15.171) . transforms under conformal symmetry as an AdS scalar field. The simplest 
and most insightful way to apply the constraint of conformal invariance is to exponentiate 
infinitesimal special conformal transformations to a finite one, given by 

x^ + a^^x"^ — w'^) 



1 + 2a. X + a'^lx'^ — w"^] 



(5 19) 

1 + 2a.x + a^(x^ — w"^) 

One can check straightforwardly that this leaves ds\^g invariant. Such finite conformal trans- 
formations become ill-defined when the above denominator vanishes, so like 4D Minkowski 
spacetime, the Poincare patch of AdS does not carry a representation of the full conformal 
group. Nevertheless, we can consider the action of such finite transformations for small but 
finite transformation parameters a'^, acting on a small but finite patch of x'^ around the origin, 
such that the denominator is dominated by 1 and does not vanish. (Alternately, but more 
clumsily, we could proceed with repeated infinitesimal conformal transformations.) Since is 
an AdS scalar, conformal invariance implies that the action should be invariant when the 5D 
spacetime argument of transforms as above. 

Now consider any interaction term in £j„t(0, 9^) made out of a product of k fields and 
possible x- derivatives. By x-locality it must be a superposition of terms of the form 

(f){x + infinitesimal, Wi)(j){x + infinitesimal, W2)---4>{x + infinitesimal, Wk), (5.20) 

where the infinitesimal corrections to x come from possible x-derivatives, whereas we have 
to consider the possibility that the w arguments have finite separations. Under conformal 
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transformations of the form of Eq. (15.191) the above (j) product transforms as 



0(x + infinitesimal, + infinitesimal, W2)...0(x + infinitesimal, Wk) — >■ 




lal , „ + infinitesimal ) . (5.21) 

1 + 2a. X + a^(x^ — wi) 



In particular, the transformation has resulted in the x arguments shifting to finite separations, 
unless all of i^i, are infinitesimally close together. Therefore conformal invariance of the 
CFT is incompatible with the x-locality of the large- iV expansion in Eq. (I5.17P unless the 
interaction terms are also lu-local. 

We conclude that the planar limit of the undeformed CFT is given by tree-level diagrams 
in AdS obtained from the 5D local effective action. 



where Cint{4>{x, w), d^, d^, w) is a polynomial in fields and their x— and w— derivatives, eval- 
uated at the same 5D point {x,w). The polynomial coefficients may be ly-dependent, but not 
x-dependent, by 4D Poincare invariance. But now that we know we have to write a 5D local 
action for a tree-level theory whose conformal invariance is realized as AdS isometrics, and 
under which is a scalar field, we have a standard formalism for forming invariants in terms 
of (p fields, the AdS metric Gmn{w), and covariant derivatives. Cint{(p{x,w),d^,dw,GMN{w)) 
must be a local AdS invariant density formed in this way. 

That is, the CFT in the planar limit has mapped to a tree-level expansion of a local AdS field 
theory, but with a discrete infinity of fields, corresponding to the discrete infinity of single-trace 
primary operators at N = oo. 

5.4 AdS effective field theory 

Just knowing we have a tree-level AdS theory is not very predictive when there are an infinite 
number of fields. But let us suppose that there is a large gap, Agap ^ 1, in the spectrum of 
scaling dimensions of single-trace primaries at = oo, such that a finite number of scaling 
dimensions are order one, while the rest are > Agap. This translates into AdS as the statement 
that a finite number of fields have ml ~ C>{1), while the rest have > Agap{Agap — 4) ~ 
^"gap ^ 1- that case, we can imagine having integrated out the high-mass AdS states to yield 
the local AdS effective field theory describing the finite number of low-mass particles. There is 
then a large hierarchy between the curvature of AdS spacetime and the cutoff of this effective 
field theory. In this regime the physics is approximately that of 5D Minkowksi spacetime. 



/ 




n 



'n 



ml,n<Pl) + Cint{<P{x, w), df,, dyj, iy)}(5.22) 
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For example, imagine that there is a single light scalar field (low-dimension single-trace 
primary scalar operator) in the AdS theory (CFT), which for simplicity we assume is odd 
under a Z2 discrete symmetry (as in Ref. [8j). Then, the effective theory must take the form, 

S= f d'xdwVG{^G''''dMC^dr,<P - \ml<p' - - -Lg^^^0^9m05^0 + ... }. (5.23) 

J 1 2 

In the absence of any new states, such necessarily non-renormalizable interactions grow strong in 
the UV, at (9(Mi 2) scales. The expansion tells us that there are no such strong interactions, 
all are 1/A^-suppressed in the full AdS theory. So the high-mass states we integrated out must 
intervene to cut off this growth. That is, 

« ^ « Mi,2. (5.24) 

In the 5D Minkowski regime, where standard effective field theory considerations hold, we will 
be dominated at low energies by the lowest-dimension non-renormalizable AdS interaction, 
since 1/Mi_2 represent suppressions. That is, the dominant low-energy behavior (but above 
1/RAds) is given by tree-level AdS diagrams with action, 

S = j d'xdwVG{]^G^'''dM(l^dN(t) - \m\<^^ - ^0^- (5.25) 

This is a predictive effective theory. 

It is important to note that standard effective field theory expectations can break down 
in the presence of large redshifts, such as exist in AdS. It is only those AdS states which are 
localized in spacetime well within a single AdS radius of curvature and also are low-enough 
energy states to not excite the heavy particles, niheavy > ^gap/RAds, that have an approximate 
5D Minkowski spacetime effective theory regime. The dual CFT description of such AdS 
states localized inside a radius of curvature is not easy to explicitly construct within the CFT 
description, even given a suitable CFT with large Ag^p. But it must exist, given its existence 
in the AdS description. In the next section, we will see that the subtlety of large AdS redshifts 
does complicate the derivation of CFT correlators of local operators, the more standard probe 
of CFT physics. 

The classic example of A/" = 4 supersymmetric Yang-Mills CFT does not quite satisfy the 
minimal version of the large-gap criterion described above. Instead there are an infinite number 
of single-trace operators with protected scaling dimensions which start at order one and grow 
without a large gap, corresponding to an infinite number of AdS particles with masses starting 
at order one and growing without a large gap. Fortunately, this spectrum is consistent with 
identifying these infinite towers of AdS^ particles as (parts of) a finite number of Kaluza-Klein 
towers in the decomposition of a finite number of ten-dimensional massless particles in AdS^ x 
down to AdS^. It is conjectured that all the unprotected single-trace scaling dimensions, not 
dual to these ten-dimensional massless fields, are very large. Then, there is in fact an effective 
field theory description: not an AdS^ effective theory, but rather an AdS^ x lOD effective 
theory of massless fields (ten-dimensional IIB supergravity). 
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5.5 Is 1 necessary ? 

While the expansion has been useful in getting to the result that the CFT has a regime 
given by Eq. (I5.25p . this effective theory makes sense even in the absence of the 1/A^-expansion. 
For example, if we imagine that the cutoff of Eq. (15.251) is of order Mi, so that 

heavy ^ ^gap ^ 

Ml, then the effective theory really does become strongly coupled. But at lower energies, 
it remains weakly coupled and predictive because of the IR-freedom of non-renormablizable 
interactions. (This is true in the 5D Minkowski regime before one is sensitive to the AdS 
curvature in the far IR.) This is very much the way the non-renormalizable effective chiral 
lagrangian theory of real world pions behaves. Similarly, the deformation of the CFT we used 
to match onto the standard results of confining theories also does not seem to be necessary 
in the final result. The effective theory makes sense even if no such relevant deformation exists. 

The only crucial ingredient is the appearance of the large scaling dimension gap, Agap, in 
the CFT, which corresponds to the AdS description having a finite number of light particles 
and then a large 5D (or even higher- dimensional as discussed at the end of the last subsec- 
tion) mass gap (compared to I/Racis)- This requires strong coupling on the CFT side. (It is 
straightforward to check that a weakly coupled theory has no sizeable gap, even for ^ 1.) In 
the best understood case of A/" = 4 SUSY Yang-Mills, such a "super-strong" coupling requires 
large-A^ because of S-duality, but perhaps there exists a CFT with small A^ and yet strong 
enough coupling to lead to Eq. (I5.25p . 

6 CFT Correlators of Local Operators 

Here, we will add source terms for local operators of the CFT, to thereby define the generating 
functional of their correlators. We only consider such correlators of operators at non-coincident 
spacetime points. We derive the map of such CFT correlators to Witten diagrams in AdS^, 
with restrictions which we explain. We begin with the full set of AdS fields and tree-level 
interactions which are dual to the CFT planar limit. The validity and use of AdS effective field 
theory in conjunction with Witten diagrams will be discussed in subsections 6.4 and 6.5. 



6.1 N = oo 



In the exact N = oo limit, we add sources for single-trace primary operators O. 




(6.1) 



We can realize the source terms in terms of the free AdS fields of Eq. (15.60 




(6.2) 



31 



where we have used the near-boundary behavior, Eq. (13. 9p . or equivalently the small-argument 
Bessel asymptotics of Eq. (15. 6p . We have been sloppy about an overall (n-dependent) constant 
in this source term matching because it can simply be absorbed into the normalization of the 
CFT operators On- From here on, it is convenient to simply take Eq. (16. 2p . for canonically 
normalized 0„, as defining our CFT operator normalization. Then, applying the central N = oo 
result, Eq. (l533|) . 




Of course, this is not to be interpreted as saying the CFT and AdS actions are the same, but 
rather that Eqs. (16.11 16. 3p yield the same correlation functions sourced by j„- 

Since our 5D spectrum is assumed to lie above the Breitenlohner-Freedman bound, mf > 
—4, there is no subtlety at the AdS boundary w = regarding integrating by parts. It is 
therefore straightforward to integrate out 0„ to arrive at the generating functional of connected 
correlators of single-trace primaries at N = oo, 

W[j]n=oc='- [ d^X [ dV V limit . Jn{x){0\T<Pn{x,w)(l)ni^',w')\0)jnix'). (6.4) 

n 

(Recall, the propagator inverts the Klein-Gordon operator according to Eq. (I4.17P ). It is useful 
to rederive this in the 4D decomposition into Xm{x) fields, using Eq. (l4.9p . Eq. (14. 6 p and Eq. 

(EIHD, 

ScFT ^ E / / dm{-^x^:i\a4 + m^)xt^ + CnUx)m''--^/\t\^)}^ (6-5) 

n 

where c„ is a constant. We can integrate out the free 4D Xm fields in standard fashion to get 
the generator of connected correlators, 

W\3] = 1 ^ 4 y rf^x y t/V j dm m2^"-3j„(x)G^(x - x')j„(xO. (6.6) 

This is precisely equivalent to Eq. (16. 4p . again by the Bessel asymptotics, Eq. (14. 6p . This 
version makes clear the relation to the confining deformation, where we must get a discrete 
sum over single-glueball 4D propagators. The sum becomes an integral over 4D states interpo- 
lated by local operators when the deformation is removed, with a spectral density imposed by 
conformal symmetry. 

Notice that as long as we only use W[j] for correlators at non- coincident points in Eq. (16. 6 p 
(or equivalently Eq. (16. 4p ) the oscillatory behavior in Gm{x — x') ensures the convergence of 
the m integral. 
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6.2 "Witten Diagrams" for iV > 1 

Now let us consider finite but large A^. In general, the single-trace primary operators of N = oo 
need no longer be primary for finite N. Instead, such operators receive corrections in order 
to remain primary. We will therefore refer to a new set of primary operators at finite N, related 
to the single-trace primaries of = oo, by 

q(N <co) ^ Cl{N=co) ^ Q^^g^ ^/^^ 7^ 

where the corrections can include multi-trace operators. It is important to note, however, 
that 

^{N<oc) ^ =~), (6.8) 

in the planar limit. This is clear from the equivalence of the planar CFT to a tree-level 5D 
AdS theory, where the A„ correspond to 5D particle masses. 1/A^ corrections to the Ai^~°°'' 
then correspond to self-energy corrections in AdS. Self-energy corrections are necessarily loop 
effects in AdS, and therefore outside the planar limit. We conclude that the corrected primary 
operators, 0^^°°\ have uncorrected scaling dimensions. 

For now, let us simply assume that the translation of source terms, of the form 
into the AdS description remains as in Eq. (16. 2p . That is, the only 1/A^ corrections are in re- 
placing (9(^=°°) with 0(^<'^) as discussed above. With this assumption, and the central result 
that the planar approximation to the CFT is given by a tree-level expansion of a 5D AdS 
theory, with a local invariant 5D action of AdS fields 0„(x, w), we arrive at 

SCFT + J d^XJn{x)Oi''<°^\x) ^ / / dwVG{-^M05 + mlJ<j)rr + C^rrt{<P,d^,^,GMN) 

rf^xj„(x) limit ^^^%^}. (6.9) 

Again, this is not to be interpreted as equality of CFT and AdS actions, but rather as saying 
both sides define the same generating functional in j„, with the planar expansion of the CFT 
and tree expansion of the AdS side. For now, we will take this as a plausible guess, and proceed 
to formally evaluate the associated AdS tree expansion. In subsection 6.6 we show that the 
results can be ill-defined for larger A„ because of the high degree of concentration of the sources 
to the boundary, and we will have to restrict which n get sources. In subsection 6.7 we will 
understand this breakdown more physically. Taking this into account, we will finally prove our 
assumption that the source terms in Eq. ( 16. 9p indeed match up between CFT and AdS. We 
defer the subtleties so that we can more rapidly converge on the "big picture" and discussions 
in the literature. 

Eq. (16.91) leads straightforwardly to the Witten-diagram expansion [7], 

W[j] = WN=oo[j] + connected tree diagrams, (6.10) 
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with interaction vertices taken from \/GCint and with AdS propagators, (O|T0(x, w)(j){x\ w') |0), 
on internal hnes. External lines connect to sources as usual, but we must take the same 
boundary limit that appears in the source Lagrangian. That is, the external lines are given by 

d'^x'K„{x - x',w)jn{x'), (6.11) 

where Kn is the "bulk-boundary" propagator, 

^ . , . y . (O|r0„(x,^i;)0„(x',w;')|O) 
Kr,{x — x,w) = limit- 



dm m^" ^JA„-2{'m'w)Gm{x — x'). (6.12) 



2^"-2r(A„, - 1) 

The second line follows from the leading term of Eq. (14.2 ip . 

We can also compactly re-express the two-point correlators, iyAr=oo[j] of Eq. (16. 4p . in terms 
of the bulk-boundary propagator, 

W[j]N=oo = l: [ d'^x [ d'^x' limit^^ jn{x)Kn{x - x',w)jn{x'). (6.13) 
2 J J w^o 

6.3 Equivalence to standard formulation of Witten diagrams 

Witten diagrams are a standard phrasing of the AdS/CFT correspondence for CFT operator 
correlators. Here we show that our bulk-boundary propagator is indeed (proportional to) the 
standard one in the literature, and that all relative factors associated to A;-point correlators, 
for different k, automatically agree with the standard prescription as finally understood in the 
literature. The overall normalization of any local operator is of course a convention, and we 
have chosen ours to keep the source term in Eq. ( 16. 9p with unit coefficient. 

First, let us study the delicate w — )■ limit of the bulk-boundary propagator, K. As long 
as X 7^ x', we can straightforwardly replace the Bessel function in Eq. (I6.12p by its w — )■ 
asymptotics, 

K{x — x',w) — > ■ _ — / dm m'^'^'^Gmix — x), x ^ x (6.14) 



^-^0 (2'^-2r(A - 1))2 _^ 

because the oscillatory behavior in Gm[x — x') is enough to ensure the convergence of the 
m-integral. However, as x' approaches x, this oscillatory behavior is lost and we must be 
more careful since the large argument behavior of the Bessel function is now needed for m- 
integral convergence. The situation is most straightforwardly understood by first going to 4D 
momentum space. 



K{p,w) = A-9-n/A \v) / dm m Ja-2(^'U^ 



(2^-2r(A - 1))2 y ^p2_m^ + ie 



d^ r-VA-2(o 



?™ (2^-2r(A-l))2 7 — ^-^^ ^2p2 _^2 + ^e 



..0 - \2A-.r(A-i))2 Z-^^^"'^^--^^)- ^6-1^) 
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The naive w limit is justified in going to the last line from the second because the 
oscillatory Bessel asymptotics guarantee ^-integral convergence for large ^. The last line is just 
y^4-A multiplied by a constant. Returning to position space, we conclude that 

K(x — x',w) — > constant w'^~^6'^{x — x'). (6.16) 

The final property of the bulk-boundary propagator to note is that it satisfies the AdS 
Klein-Gordon equation away from the boundary, w > 0, 

[□, + A(A-4)]ir(x-x',^.) . limit[D, + A(A-4)] <°'^'^^"'"^f">^^'°^ 

= limit — iS^(x — x')5(w — w') — -r- 

= 0. (6.17) 

The second line follows from Eq. (14.161) . The last line follows for finite w. If we want to probe 
small w we still take the limit w' defining K first, before letting w approach the boundary. 

It is these properties, Eqs. (l6.16l I6.17p . that are essentially those used to specify K in the 
literature [7]. There are two differences, however. It is standard to take the constant in Eq. 
(16.161) to be unity. Since in interacting Witten diagrams there is precisely one factor of K 
for each local operator O in the CFT correlator being computed, the choice of unity as the 
constant in Eq. (16. 16^ appears to be a normalization convention for local operators. The 
constant displayed in the last line of Eq. (I6.15P has been absorbed into O. There is however an 
important exception to this rule, namely the non-interacting (A^ = oo) two-point diagrams of 
Eq. (I6.13p . where a single K connects two local CFT operators. Therefore if one absorbs the 
constant of Eqs. (I6.15[ I6.16P into the normalization of O, the two-point correlator diagram of 
Eq. (I6.13P must be modified as follows: 

K(x — x' w) 1 , K(x — x' w) 

limit ^ — y limit ^ 6.18 

w^o constant ■w^o 

This modification was missed in the original discussion of Ref . [7] , but was caught in Ref . [32] . 
Here, we have understood it in straightforward terms, but in our convention the constant is 
retained in Eq. (I6.16p . and the two-point modification is unnecessary. 

The planar limit of the CFT was originally cast as being dual to a classical AdS theory, 
which then has a tree-level perturbative expansion. Here, we have directly derived the tree-level 
expansion with the modifications of Ref. [32] . To return to a classical AdS prescription, see 
Ref. [33], which identifies new classical AdS-boundary conditions needed to correctly obtain 
these modifictions of Ref. [32] (that is, to agree with the derivation of this paper). 

The literature often works in Euclidean signature CFT and AdS. The passage to that signa- 
ture is straightforward in K and the AdS propagator, which are both written as superpositions 
of 4D propagators, Gm{x). The Euchdean formulas then follow by straightforwardly replacing 
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Gm{x) by its Euclidean equivalent, 



I 



(27r)>| + m: 



2 ' 



(6.19) 



and using the Euclidean version of the interaction vertices in standard fashion. 

The Euclidean formulation is useful in computing Witten diagrams with AdS effective field 
theory. Because of the subtlety of large AdS red-shifts this is not entirely straightforward in 
Lorentzian signature. We now turn to this. 

6.4 Obstruction to AdS effective theory for Lorentzian correlators 

If very heavy AdS particle lines, rnl^""^^ > ^gap ^ 1, were far off-shell in tree- level Witten 
diagrams for CFT correlators, then we could effectively shrink such lines to points. That is, we 
could imagine having integrated out heavy AdS particles at tree level, and could simply work 
with the AdS effective theory with finitely many light fields. This would obviously be of great 
advantage. But this is not the case, no matter how soft the momentum flowing through the 
CFT operators (source momenta), as we show in this subsection. The root of the problem is 
that Witten diagrams, with external lines on the boundary and vertices in the bulk, necessarily 
traverse an infinite number of AdS radii, whereas our effective field theory intuition is based 
on Minkowski spacetime, valid only well inside a single AdS radius. Also see the discussion of 



Let us take the local CFT operator sources, jn{x), to be smoothly varying packets, separated 
to avoid coincident points, with typical momenta, p, in their Fourier transform. Such momenta 
are injected into external lines of Witten diagrams in AdS. Very naively, if \po\ ^ m^^"''^, we 
would not have the energy in a diagram to put a heavy AdS particle on-shell. But of course, from 
the CFT-viewpoint we know there cannot be such an intrinsic energy scale, defining "high" and 
"low" energy. The AdS/CFT compatibility is enforced by the non-trivial AdS metric. From the 
AdS side, a heavy particle can be localized inside an AdS radius, say with w: Wq < w < Wq + 1 
for some wq ^ 1. In this vicinity, the AdS metric is approximated by 5D Minkowski spacetime. 



where tjmn is the standard 5D Minkowski metric, and X = x'^,w. But there is an overall 
redshift factor of wo between the AdS coordinates we are using, which follow naturally from the 
CFT side, and standard 5D Minkowski spacetime coordinates. Therefore, our CFT-coordinate 
energy pq, needed to produce such a heavy state is not the naive ~ mg^™^, but the much smaller 
~ ml^"'^^ /wq. Thus no matter how small the typical p of CFT correlators, Witten diagrams 
with external legs attached to the boundary, w = 0, can have internal lines stretching across to 
w ~ Wo, with redshift ("warp") factor wq large enough that po > f^^^""^^ /wq, so that subsequent 



Ref. [31]. 



rjMNdX 



(6.20) 




36 



heavy lines in the vicinity of wq can go on-shell. This means we cannot integrate out heavy 
AdS particles, no matter how small our Pcft- 

A somewhat similar situation occurs in QCD predictions for hadronic processes, especially 
in large- QCD. For example, consider a two-point correlator of QCD gauge-invariant local op- 
erators, which is already non-trivial without conformal invariance. The spectral decomposition 
takes the form 



where the numerator is the non-trivial spectral weight, or probability density for O to create 
a hadronic state of invariant-mass m. Even at = oo this is a superposition of hadron 
poles, with non-perturbatively determined masses and residues. Knowing this correlator is 
equivalent to knowing |(m|(9(0)|0)p, as is clear by taking the imaginary parts of both sides. 
Naively, far above the confinement scale, ^ ^qcd^ correlator should be perturbatively 
computable in terms of quark-gluon Feynman diagrams, but at large or infinite A^ this is 
not true. Perturbation theory is badly behaved due to IR divergences and the correlator is 
dominated by non-perturbatively determined poles for arbitrarily large timelike p. If we want 
to know every detail of the location and strength of these poles, perturbative QCD cannot tell 
us. 

But perturbative QCD can reliably predict a suitably "smeared" [35] version of the non- 
perturbative structure, smoothly aggregating many poles. One of the simplest versions of such 
a smeared quantity is the correlator for spacelike p, or equivalently the Euclidean field theory 
correlator. 



where the matrix element in the numerator is the same as in Minkowski spacetime but the de- 
nominator has been continued to Euclidean space. As can be seen this is a smooth p^-dependent 
integral over the hadronic spectrum. One cannot take an imaginary part to reconstruct ex- 
clusive information about an individual pole. Furthermore, quark-gluon perturbation theory is 
well-behaved in Euclidean space, so a perturbative calculation of this Euclidean correlator is 
to be trusted for p"^ ^ ^qcd- 

6.5 Resolution in Euclidean space 

In our AdS / CFT theory, again the general CFT correlators in Minkowski spacetime probe very 
exclusive information in the sense of being sensitive to the entire AdS spectrum and interactions, 
as explained above. And again, the cure is to appropriately "smear" the questions we are asking 
to a more inclusive form, most familiarly by going to Euclidean CFT correlators. 

Let us understand how Euclidean CFT correlators escape the fate of their Minkowski coun- 
terparts. As discussed earlier, the Witten diagrams are straightforwardly continued to Eu- 




(6.21) 




(6.22) 
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clidean signature. Even though we can no longer hterally put an intermediate hne on-shell in 
this signature, it is still true that an internal line with large starting and ending values of w can 
only be integrated out (approximated as a point rather than a line) if \pe\ < m^'^"''"^ /w, due to 
the redshift effect. No matter how large mg*^™^ for a heavy particle, and how small pe, there 
is a large enough w to prevent us integrating out the heavy particle. This seems to threaten 
AdS effective field theory in Euclidean CFT correlators, as much as in Minkowski correlators. 
But any dangerous Witten diagram, with external lines attached to the AdS boundary, w = 0, 
must have at least one propagator traversing from modest w' to large w, 

w mf"'"'^ /\PeI (6.23) 

which then in turn connects to the heavy particle line discussed above. Unlike Minkowski signa- 
ture however, in Euclidean signature this traversing propagator is highly suppressed, regardless 
of its AdS mass, as we now show. 

Since we are necessarily considering non-coincident 5D points, w 7^ w' , the AdS propagator 
must obey the free-field Euclidean-AdS Klein-Gordon equation (the inhomogeneous 5-function 
term vanishing), 

{wYe - w''dn,-d^ + ml){(l){pE,w)<P{-pE,w')) = 0, (6.24) 
w 

where we Fourier-transformed to 4D Euclidean momentum space. For large w we can drop the 
mass term relative to the pe term, and find the possible large-w asymptotics, 

{(j){pE, w)(j){-pE, w')) oc w3/2e±IP^^I«'. (6.25) 

Let us now determine which sign to choose. In more detail, the Euclidean-signature AdS 
propagator is given by replacing the 4D Minkowski space propagator, Gm{x), by its Euclidean 
equivalent, in Eq. fl4.13p (and Fourier-transforming), 

{(j){pE,w)(j){-pE,w')) = {ww'f j dmmJ^^{mw)J^^{mw') (6.26) 

For large w, the Bessel asymptotics, Eq. fl4.15p . implies a rapidly oscillating phase and sup- 
pression of the m-integral, except at small m < 1/w. Since there is no singular behavior at 
small m in the rest of the integrand, we can minimally conclude that the (f) propagator at least 
does not grow exponentially for large w. Together with Eq. fl6.25p . we can conclude that 

{ct>{pE, W)<P{-PE, W')) ~ w3/2g-b^|«,^ 27) 

for large w. Eq. (16.230 gives us the minimal w needed to get redshifts large enough to stop us 
being able to integrate out a heavy particle of mass mg^"^^. This corresponds to the propagator 
traversing from modest w' to this w behaving as 

{<j){pE, w)<j){-pE, w')) ~ u;3/2e-™5'=""\ (6.28) 
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It should be stressed that this traversing propagator may well correspond to a light field, not 
to ral'^"'^^ itself. (Units are balanced in the exponent by restoring RacLS = 1-) 

We have introduced a scaling dimension gap parameter, Ag^p, to separate heavy and light 
AdS particles. Thus the above suppression is < e~^s°''. Given that AdS effective field theory 
is essentially an expansion in 1/Agap as discussed in subsections 5.4 and 5.5, we see that the 
naively dangerous diagrams are in fact parametrically smaller than any order in that expansion. 

Therefore in Euclidean signature, we can indeed integrate out heavy particles and use AdS 
effective field theory. The Witten diagrams which make heavy particle exchanges appear non- 
pointlike require large-w redshifts, but in Euclidean signature propagation out to such large w 
is suppressed beyond all orders in effective field theory. 

6.6 Restricting sources to avoid w — > divergences 

Our derivation is based on the assumption we made that source terms take the same form as at 
N = oo, Eq. (16. 2p . and that we can take the limit — )■ straightforwardly on external lines 
to write them in terms of K. These assumptions are related, and they do not always hold. Let 
us see why. 

The limit w' ^ Owe took to get the boundary-bulk propagator in Eq. (I6.12P is only straight- 
forward on the external lines of Witten diagrams if the other end of such lines is dominated 
away from w = 0, justifying taking w' ^ with w fixed, as we implicitly did. To see how this 
can fail, consider the simplest AdS-invariant coupling. 



Naively, Eq. (14. 9 p and Eq. (14. 6 p imply that each behaves like as w — )■ 0, and therefore this 
region is unimportant in the w integrals for fields satisfying the Breitenlohner-Freedman bound, 
A > 2. But this scaling for small w can fail for a that connects to an external line, because 
of the concentrated support at w — )■ of the source term in Eq. (16.30 . as we see in Eq. (I6.16p . 
Away from a source the naive scaling holds as we see in Eq. (I6.14p . Our interaction vertex can 
at most approach one such source on the boundary since we are restricting to CFT correlators 
at non-coincident points. Therefore, at most one of the 0's in our interaction vertex, say 0i, 
can scale as w^~'^^ for small w by connecting to an external line extending to this source. The 
other lines from 02? 03 are either internal or extend to other sources away from the interaction 
vertex and therefore continue to have the naive near-boundary scaling w^^,w'^^. Consequently, 
the w integral of the interaction vertex behaves most singularly as J dww'^^'^^^^^^^^ for small 
w. This is well-defined if 




(6.29) 



Ai < As + A3, 



(6.30) 



but not otherwise. 
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Notice that adding more fields to the interaction vertex only improves the convergence of 
the w integral of the vertex, since they scale as positive powers of w. (At most one field in 
the vertex can behave as w^~^ as argued above, and we have already assumed this is 
Adding dyj derivatives reduces the power of w being integrated for small w, but this is off-set 
by the powers of inverse metric, G^^^ oc w^, needed for AdS-invariance of the vertex. Adding 
x-derivatives obviously does not change w-scaling. 

We conclude that the Witten diagrams are well-defined if we restrict ourselves to turning 
on sources only for On with A„ smaller than the sum of any two (or more) other A„/. 

6.7 Derivation of source matching in Eq. (16.91) 

We will see that with this restriction on source terms in place, we can justify our assumption 
that sources match between CFT and AdS as assumed earlier in writing Eq. (16. 9p . Further, 
we will understand better what is behind the restriction on sources. 

Let us first consider a source for an unrestricted On- For familiarity's sake, let us start 
in the confining deformation of the CFT, where the source term for a local CFT operator is 
equivalent to a source term for one or more glueball fields, 

jn{x)On{x) = jnix)in{Xi{x), 0^), (6.31) 

where is a local operator made from glueball fields, Xi? and x-derivatives. As the deformation 
is removed, cr — )■ 0, we get 

jn{x)On{x) = jn{x)£n{Xm{x),d^), (6.32) 

an x-local operator made from the continuum of Xm{x) fields and derivatives. Now, the planar 
limit is only sensitive to tree diagrams made from Xm, so the two-point correlator of On is 
determined in this approximation entirely by the term in linear in Xm- But since we have 
defined C>i'^<°°) to be a primary operator even for finite, large A^, its two-point correlator is 
entirely determined by conformal invariance and A„. The fact that A„ is unchanged in planar 
approximation from its = cxd value, means that the planar two-point correlator of On is 
uncorrected from N = oo. Hence the linear term in in must be precisely the same coupling to 
jn as at A^ = OO, SO as to ensure this same correlator. 

What remains is to show that there are no non-linear corrections in x appearing in £„. 
Suppose there were such non-linear corrections, say an order x"^ term for simplicity. This 
would imply that in planar approximation, C„(0)|0) has a 1 /A^-suppressed overlap with a 
two-x Fock state, \X:X'): corresponding to two free x 4D particles. Note that the operator 
is evaluated at time t = 0, so that there is no time evolution where interaction Hamiltonian 
terms in 1/A^-perturbation theory can appear that might cancel the two creation operators 
in the order x^ term in in- Of course, since x states are just 4D modes of (p, it follows that 
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= Cn'n"\<Pn', (pn") IS some free two-0 state in AdS. As discussed in subsection 4.5, such 
two-particle (or multi-particle) AdS states can be decomposed into eigenstates of dilatations, 
with eigenvalues of the form, a/4 -|- ml + ^/4: + + 4 + k, where is a non-negative integer. 
Equivalently, in terms of the primary scaling dimensions. A, A', dual to the 5D masses, the 
possible dilatation eigenvalues of the two-0 state take the form A + A' + A;, A; > integer. But 
on the other hand, O„(0)|0) obviously is a dilatation eigenstate with eigenvalue A^. Therefore, 
(9„(0)|0) can only overlap the two-0 state if 

A„ > A + A'. (6.33) 

This is essentially a kinematic constraint in AdS. 

It thereby follows that if we make the restriction at the end of the last subsection, that we 
only give source terms to n: A„ is smaller than the sum of any other two An', then there can 
be no non-linear corrections in £„, and Eq. (16. 9p indeed holds. 

This restriction is similar to the situation in a standard perturbative S-matrix construction 
in Minkowski spacetime. At zeroth order in perturbation theory all fields correspond to free, 
and therefore stable, particles. But many of the heavier fields can decay once perturbations are 
turned on, if their zeroth order mass exceeds the sum of two zeroth order masses of lighter fields. 
Such unstable particles should not appear as asymptotic states in the S-matrix construction. A 
particle whose mass is smaller than the sum of any two others is however stable by kinematics 
alone, and does represent an asymptotic state. 

Of course, there can be other reasons, not purely kinematic in origin (other quantum num- 
bers), that can ensure the stability of even a very heavy particle in Minkowski spacetime, for 
example a proton in the real world relative to electrons and positrons, so that it does appear 
as an asymptotic state. Similarly, in AdS/CFT there can be special situations/symmetries for 
which sources for operators with large A„ can be included without difficulty. In other words, 
while our restriction on sources is sufficient, it may not always be necessary. 

Of course, in the CFT there is no restriction on correlators of any local operators, but it is 
only the simplicity of their translation into AdS, via Eq. (16.91) . that is at stake. For discussion 
of a (special) situation in A/" = 4 supersymmetric Yang-Mills in which Eq. (16.33^ (just) fails to 
hold but a subtler AdS prescription can nevertheless be given, see Refs. [36] . 

7 Vector Primaries, Conserved Currents, and AdS Gauge 
Theory 

Let us finally move beyond Lorentz-scalar primary operators to the next simplest case, Lorentz- 
vector primaries. (We will not treat spinor primaries in this paper, but the methodology in the 
vector case should guide the reader.) 
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7.1 General non-conserved vector primaries 

We begin with a general vector primary, 0^{x), which is not a conserved current. Generahzing 
the approach of Section 3, we try to reahze this operator (acting on the vacuum for the reasons of 
subsection 3.5, 3.6), as a free AdS^ vector field, Am{x,w), which contains a 4D Lorentz-vector, 
Afj^. More precisely, we try to identify the irreducible representation of conformal symmetry 
given by 0^{x) with an irreducible representation of the isomorphic AdS spacetime symmetry, 
labelled by a particular AdS^ mass and spin, realized in terms of Am{x, w) and a suitable AdS 
free-field wave equation. 

As in subsections 3.1-3.4, the simplest "geometrization" of dilatations provides suitable 
near-boundary asymptotics, 

A^{x,w)^w'^-'0,{x). (7.1) 

to— >0 

Note that the power of w in Eq. (17. ip required by dilatations is different from the scalar 

case. This is because the requirement of being a scalar field under a spacetime symmetry 
transformation, 

(l)'{x',w') = (p{x,w), (7.2) 

is replaced by 

A'j^{x', w')dX'^^ = Auix, w)dX^^. (7.3) 
For dilatations, x' = x/X, w' = w/\, this implies 

(j)'{x,w) = (j){Xx,Xw), (7.4) 

compared with 

A'j^f{x,w) = XAm{\x, \w). (7.5) 

On the CFT side the vector index makes no difference to the dilatation transformation, which 
is determined entirely by the scaling dimension, 

0;(x) = A^O,(Ax). (7.6) 

The vector/scalar difference in power of w in Eq. (17. ip follows. As in Section 3, one can 
directly check using Eq. (17.11) that for very small w, the AdS and CFT versions of match 
up. The 4D Poincare transformations trivially match up too. Our next job is to extend this 
near-boundary matching to finite w, with a suitably AdS-covariant wave equation. 

The free wave equation for Am that projects the field onto an irreducible representation 
of spacetime symmetry is given by the AdS^ generalization of the Proca equation for massive 
spin-1, following from the invariant 5D action, 

S,D = I d^xdw^{-h3''''G'''^FMKFNL + ^m^G^M^^Aa, (7.7) 
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where 

Fmn = Qm^n — Qm^n- (7.8) 

The equation of motion is then 

9m(v^G^'^G^^F^l) = m^^G^Mi. (7.9) 

It can be broken down as 

w^d'^id^A^-d^A^) = mlA^. (7.10) 

The number of independent components of and (the non-conserved) is seen to match 
by taking dx of Eq. (Q, 

mldK{VGG^^AL) = 0. (7.11) 



That is, 



4 fl Al^ 

dU^) = (7.12) 



so that A^ is not an independent dynamical field, but rather is given by 

AJx,w) = w^ dw'^ — V — -■ (7 A3) 

Jo w'^ 

The near-boundary condition on A^, Eq. (17. ip . then implies the near-boundary condition on 

A 

A 

Mx,w)-^-^d^O,ix). (7.14) 

Thus, all components of Am have boundary conditions, and there is a unique solution to the 
equation of motion. By the same logic as in Section 3, this realizes conformal transformations 
on Ofj^ as AdS isometry transformations of Am- 

As we did for scalars, we can match m| with A by focusing on solutions to the equations 
of motion near the AdS boundary, 

= (A-3)(A- 1). (7.15) 

One can proceed for such vector primaries very much as for scalar primaries, in discussing 
the large- expansion, focussing on single-trace primaries, the planar/tree duality, source terms 
and Witten diagrams, and so on. But something qualitatively new happens in the special case 
of CFT conserved currents. 
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7.2 (Improved) Conserved Noether Currents 

Let us suppose that the CFT has a global symmetry, with an associated Noether current 
operator which is conserved, 

d^'O^, = 0. (7.16) 

As is standard in quantum field theory, such a current is not renormalized (vanishing anomalous 
dimensions) and therefore has a scaling dimension equal to its naive dimension of 3. 

Let us first ask if (9^ is a primary operator, or merely a scaling operator. If it were not a 
primary operator, it would have the form 

0^ = cd^{x) + dd{x), (7.17) 

where we expand in a variety of scaling operators of dimension 3. is a possible primary 
operator of dimension 3, and dO is a linear combination of descendent operators, each of which 
is necessarily a derivative of other operators. In order for J d^xOo{x) to be a total charge, 
conserved in time, Oq must not vanish at zero-momentum. Since (the Fourier transform of) 
derivative terms vanish at zero momentum, there must be a primary with non-zero coefficient 
c. 

IfOfj_ were also conserved, then in it would be an "improved" symmetry current, in that it 
is also a primary operator with A = 3, which would specify its conformal transformations. We 
now prove this is the case. The proof follows by studying the Jacobi identity: 

= [p^[ir„a.(o)]]-[[p^/^^],a.(o)] + [[p^a.(o)],ir^] 

= [K„d.d{0)l (7.18) 

where the first term on the right-hand side of the first line vanishes since is primary, and 
the first term on the second line vanishes by a cancellation between the Lorentz and scale 
transformations at precisely = 3. We thereby deduce that d.O{0) is either a primary 
operator as well, or it vanishes. But d.O is manifestly a decendent of O^, so it cannot be 
primary. We conclude that d.O{0) = 0, and so by translation invariance, d.O{x) = 0. 

We thereby conclude that each CFT global symmetry is associated to a conserved current, 
Ofj,, which is a vector primary of scale dimension 3. 

7.3 AdS gauge invariance from conserved CFT current 

The case of a vector primary with A = 3 corresponds to the massless limit of Eq. f l7.15p . The 
resulting gauge invariance of the AdS equations of motion means that becomes indetermi- 
nate, and that the near boundary asymptotics do not yield a unique solution in the "bulk" of 
AdS. Any solution to the AdS Maxwell equations with the boundary behavior of Eq. (17. ip can 



44 



be gauge-transformed with a gauge transformation that vanishes near the boundary, to yield a 
new Maxwell solution also satisfying Eq. (17. ip . Clearly, in this A = 3 case, the "geometriza- 
tion" of should map it to an AdS gauge connection, that is the whole gauge equivalence 
class of AdS vector fields. This is the global/gauge (symmetry) aspect of CFT/AdS duality. 

We can phrase the entire CFT/AdS mapping in gauge- invariant terms, by expressing the 
near-boundary behavior in terms of the gauge field strength, 

F^^{x,w) —^wd^ix), (7.19) 

and using it to solve the AdS Maxwell equation. 

It is also useful to view this map in "axial gauge" , A^{x, w) = 0. This condition still leaves a 
residual gauge invariance, which can be fixed by the auxiliary gauge condition, d^AJx, w) — )■ 
0. Together with Eq. (17. ip . this provides a full set of boundary conditions for A^{x, w) in order 
to solve the gauge-fixed Maxwell equations, 

dT^, + wd^-d^A^ = 
w 

d^d'^A^ = 0. (7.20) 

Given the auxiliary gauge-fixing condition, the second of these equations implies 

d^A^{x,w)=0, (7.21) 

so that the first equation then reads simply, 

- n^A^ + wd^^d^A^ = 0. (7.22) 

It is then straightforward (but tedious) to parallel our scalar discussion in deriving the 
free AdS propagator, matching the CFT-correlator source terms with AdS, and deriving the 
boundary-bulk propagator. One point to note is that the boundary-bulk propagator, Km^i{x — 
x',w), where Ku,^{x — x',w) = in axial gauge but not other gauges, satisfies the naive near- 
boundary ~ w"^ scaling (see Eq. (17. ip ) for x ^ x', but with the dominant behavior arising at 
coincidence, 

Kn„{x — x',w) oc 5n^5'^{x — x'), (7.23) 

to— i>0 

scaling without a power of w (zeroth power) near the boundary. This means that KMfi{x, w) is 
literally the Green function that allows one to solve for a 5D gauge field whose boundary value 
is the CFT source, rather than in terms of the subtler limiting behavior of massive scalar fields. 
To complete the Witten diagrammatic rules we turn to the issue of interactions. 

7.4 AdS effective gauge theories 

Consider a large- CFT with a global U{1) symmetry and associated primary conserved cur- 
rent, Ofj,, which is a single-trace primary, at least at = oo. In addition, imagine that at 
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N = oo there is a complex scalar single-trace primary, O, charged under the global U{1), 
with low dimension A. Imagine other single-trace primaries have very high dimension. All 
this translates into AdS having a massless U{1) gauge field and charged scalar field with mass 
= A(A — 4), with all other AdS fields being very heavy. Integrating out the heavy fields, 
the general AdS scalar-QED effective field theory has the leading gauge-invariant form, 

S,ff = J d^xdwVG{-^G^'''G''''FMKFNL 
+ tgAMWid'' - zgA'')<p - ml\<p\' - X\<p\'}. (7.24) 

Again, tree-level in this effective theory corresponds to the planar limit of the CFT. 

In addition to these gauge-invariant terms, the effective theory may also contain the almost 
gauge-invariant Chern-Simons action, 

Scs = j d'^^dw e-'^^^'^AjOxALdMAN. (7.25) 

It transforms under a 5D U{1) gauge transformation, 5Am{X) = (9mA(X), as 

/poo 
d^x J dw e-^^^^^^djAdxALdMAN 

^ ./.^.A(..»^OK-^..(..»^0)f,„(.,»^0). (7.26) 

where the last line is the boundary term that follows by integration by parts on the first line, 
with the non-boundary term in the integration by parts vanishing using the anti-symmetry of 
the e-tensor and the symmetry of successive derivatives. While gauge invariance is central to 
the effective field theory description of the massless spin-1 particle, the gauge-variation above 
does indeed manifestly vanish for the propagating field satisfying the boundary condition, Eq. 

As pointed out at the end of the last subsection, by Eq. (17.231) it is the CFT source for the 
conserved current that corresponds to the well-defined non- vanishing w — )■ limit component of 
the Afj^ field. The gauge non-invariance at the boundary of the Chern-Simons action is therefore 
a statement about these sources and the associated current correlators. Let us examine this 
from the CFT perspective. If we add source terms for the conserved current in the CFT, 

ScFT ScFT + j d''xA^{x)d^{x), (7.27) 

and compute the generating functional for correlators of currents at non- coincident 

points, then current conservation simply reads, 

9.j^ = 0, (7,28) 
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which one can think of as a gauge invariance for the source, 

W[A^ + d^K] = W[A^l (7.29) 

where A(x) is a 4D gauge transformation. But at coincident points for correlators both these 
equations can be corrected. A f/(l)^ triangle anomaly in the global symmetry current of the 
CFT corresponds to just such a correction, 

W[A^ + d^k] = W[A;\ + k j d^x k{x)e^'^^^F^x{x)F^,{x). (7.30) 

This is a perfect match to Eq. fl7.26p . 

The Chern- Simons action is the unique 5D action that breaks gauge-invariance on the 
boundary, so as to match in AdS a possible CFT anomaly in the global currents [7], while re- 
maining gauge-invariant in the AdS "bulk" as required for the effective field theory description 
of massless spin-1. In principle, we restricted ourselves in this paper to correlators of local 
operators at non-coincident points, while the above subtleties occur at coincidence. Neverthe- 
less, one can think of the non-coincident correlators as giving a point-splitting regularization of 
the anomaly, and one can carefully take the limit as the regularization is removed to find the 
anomaly at coincidence. See Ref. |32] . 

As a second example of AdS effective field theory, consider the case where the global sym- 
metry is non-abelian, say SU{2), and all single-trace operators except the associated conserved 
currents are very high dimension. The only light fields are the dual gauge fields, 
can decompose these under a f/(l) subgroup, say that corresponding to gauge field Am = A\^, 
with f/(l)-charged vector massless "matter" field = AljiiA'l,^. The unique effective theory 
that is gauge-invariant under all such U{1) subgroups is non-abelian gauge-invariant, 

Seff = -\j (fxdw^G'^''' G'^'^TlmnL. (7-31) 

where 

Tl,^ = dMA% - dr,Al, - ge^''Ai,A% (7.32) 

is the non-abelian field strength. 

Again, one can also have (more complicated) non-abelian Chern-Simons terms to match 
CFT anomalies in the non-abelian currents. 

8 Tensor Primaries, the Energy- Momentum Tensor, and 
AdS Gravity 

The study of tensor primaries parallels many of the steps we took in the last section for vector 
primaries. We move briskly through those aspects which are most similar, and give more care 
to those that are new. 
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8.1 General non-conserved tensor primaries 

Since CFT primaries come in irreducible representations of 4D Lorentz symmetry, a 2-tensor 
primary, Of^^, must either be symmetric and traceless or be anti-symmetric and traceless. Let 
us focus on the symmetric case, so that spin-2 states are among the states interpolates 
on the CFT vacuum. In general, O^i, is not conserved. We will realize this operator in terms 
of a free AdS^ symmetric tensor field, hMN{x,w), satisfying a free AdS wave equation that 
picks out a particular irreducible representation of spacetime symmetry. The near-boundary 
asymptotics are given by now-familiar considerations, 

w^-^0^,{x). (8.1) 

Let us review the construction of the massive spin-2 AdS wave equation, by starting with 
the analogous equation in 5D Minkowski spacetime, 

-dsd^huN + dNd^hMs + dud^hNs - du^N^^s - VMNd^d^hsx + VMNd^dsh^T 

= -VMNmlh\ + mlhMN- (8.2) 

The choice of tensor structure can be understood as follows. Taking of this equation implies 

d'^'huN = dNh%. (8.3) 

Using of this in the trace of the equation of motion then implies 

h% = 0, (8.4) 

which in turn reduces Eq. (18.31) to 

d^'hMN = 0. (8.5) 

The equation of motion then reduces to 

{dsd^ + ml)hMN = 0. (8.6) 

Thus the action has been chosen to give the Klein-Gordon equation, but projecting out all but 
the transverse and traceless parts of Hmn- One can check that it is the unique local action with 
this property. 

Now, Eq. (18. 2p has the form of the linearized 5D Einstein Equation, with the addition of 
a "Pauli-Fierz" mass term on the right-hand side, if one thinks of Qmn = Vmn + as a 
dynamical spacetime metric. The corresponding classical action, 

SM^nk = I d'x\{dshMNf-{dMh'^^Y + d^h'^^d^h%-\{dMh%f-^^ 

(8.7) 
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consists of precisely the quadratic fluctations about Minkowski space of the Einstein-Hilbert 
5D action, with Pauh-Fierz mass terms added, 

s = Mll d'x{Vgn - "^h^'^hMN + %h%f}. (8.8) 

The generahzation to AdS is given by covariantizing derivatives in Eq. (18 .Tp with respect to 
the AdS metric Gmn- The resuh of doing this is summarized by quadratic fluctions about AdS 
of the gravitational action with Pauli-Fierz mass terms and a negative cosmological constant, 

S = Ml J d'X{Vg[n + 12]- '^G^rsGr.shKLhMN+'fiG^,^^^^^^ 

Gmn = Gff^ + Hmn- (8.9) 

TZ denotes the Ricci scalar curvature constructed from Qmn- The cosmological constant (in our 
RAdS = 1 units) is such that Hmn = 0, Qmn = Gf.f^, is an extremum of the action, so that the 
expansion for small fluctuations, Hmn, makes sense. 

We can parallel the remaining steps of subsection 7.1, and straightforwardly (if tediously) 
see that the equations of motion determine Hmw and rj^^hfj^^ in terms of the non-4D-trace parts 
of /i^jy, so that the number of independent components agrees with 0^,^. The matching between 
m\ and A follows from matching near-boundary behavior of solutions, 

m^ = A(A-4). (8.10) 

8.2 (Improved) Conserved Energy-Momentum Tensor 

4D Poincare invariance of a general CFT implies the existence of a Noether current, the con- 
served energy-momentum tensor: 

a'^T^. = 0. (8.11) 

In standard fashion it is not renormalized (vanishing anomalous dimensions) and therefore 
has true (= naive) scaling dimension, A = 4. As for conserved currents of internal global 
symmetries, we can "improve" the energy-momentum tensor [37] for our purposes. 
If T^y is not itself primary, it can be expanded in a variety of scaling operators, 

T^,{x) = CnOl,{x) + dd{x), (8.12) 

where (9^^ are dimension-4 primary operators, c„ are constants, and the last term consists 
of descendent operators of various types (with total scale dimension 4). Analogously to the 
conserved current case of the last section, in order for J d^x T^o to be the total conserved 
4-momentum, P^, some c„ must be non-zero. 

If CnO^^,{x) were also conserved, then it would be a "partially improved" energy-momentum 
tensor, in that it is a sum of primary operators, and therefore "primary" in the sense that 

[ir.,c„0" (0)] = 0. (8.13) 
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We now prove that it is indeed conserved by studying the Jacobi identity, 



= [K^,d'^c,,o;M], (8.14) 

where the first term on the second hne vanishes by a cancellation between between the Lorentz 
and dilatation transformations at precisely Aq = 4. Thus, since (9^c„(9^^(0) is manifestly not 
primary, it must vanish. By translation invariance, CnO^^,{x) is conserved for all x, 

Cn d''0;,{x) = 0. (8.15) 

If more than one Cn were non-zero, Eq. fl8.15p would imply an operator relationship between 
descendents of different primaries. This is inconsistent with such primaries labelling different 
conformal representations. Therefore precisely one such primary has non- vanishing c, which we 
will denote O^^. Since primaries come in irreducible representations of 4D Lorentz symmetry, 
Ofj^i, is one of (i) symmetric, traceless tensor, (ii) anti-symmetric tensor, (iii) scalar x?]^,^. 
However, anti-symmetry is inconsistent with having an energy operator, J d^x Too, while a 
scalar is inconsistent with having a momentum operator, J d^x Tq^. We conclude that every 
CFT has an "improved" conserved, symmetric, traceless energy-momentum tensor, O^;^, which 
is a primary operator of scale dimension 4. 

8.3 Linearized general covariance from CFT energy-momentum ten- 
sor 

The improved CFT energy-momentum tensor, Ofj^^, with A = 4 corresponds to the massless 
limit of Eq. (18. 9p . namely the expansion in Hmn at quadratic order of 5D General Relativity 
with negative cosmological constant. In this limit, the linearized Einstein equation that follows 
is invariant under linearized general coordinate transformations, 

hMN — ^ hMN + Grn^m^^^^ + G^iL^N^^i^ ■ (8.16) 

Consequently, the near-boundary asymptotics and equations of motion no longer uniquely de- 
termine HmnIx, w) in the AdS "bulk", since for any such solution there is another given by an 
infinitesimal coordinate transformation X*^ — )■ X^^ + ^'^'\X) where vanishes in the vicinity 
of the AdS boundary. Instead, O^j, determines a unique (infinitesimal) coordinate transfor- 
mation equivalence class of /lA/iv's. That is, determines a unique dynamical geometry, 
represented by the metric field Qmn = Gff^ + Hmn- 

As in the last section, one can again work in "axial" gauge, Hmw = 0, with auxiliary 
gauge-fixing given by d^hnu — )■ 0, so that (with analogous analysis to the last section) both 
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near-boundary asymptotics and the bulk equation of motion are given in terms of just the 
transverse and traceless h^,j{x,w). This has the same number of components as 0^y{x). The 
hnearized Einstein equation (about AdS) reads in this gauge, 

{w^U^ - w^dl - wd^ + 4) V(x, w) = 0. (8.17) 

Again, we can study the boundary-bulk propagator behavior near the boundary. At non- 
coincident points it is the naive ~ w'^ of Eq. (18. ip . but at coincidence it behaves as /i ~ 
6'^{x — x')/w^. That is, Witten diagrams perturbatively determine the dynamical metric Qmn = 
^AiN + ^MN about the AdS metric, such that the near-boundary behavior remains oc as 
in Gff§, but with x-dependence given by the CFT source term for C^,^. This matches the 
defining features of the ansatz in the literature for the AdS/CFT correspondence for CFT 
energy- momentum correlators [7]. 

8.4 AdS effective General Relativity 

The improved energy-momentum tensor in a large- CFT is a single-trace primary with dimen- 
sion 4. Let us first suppose that all other single-trace primaries have very large dimension. At 
N = oo the energy-momentum tensor is dual to a massless spin-2 free field, while all other AdS 
fields are very heavy. Therefore, in the planar large- A^ limit of the CFT, the AdS effective field 
theory, valid to distances much smaller than the AdS radius, contains only the massless spin-2 
particle, with self-interactions. Such self-interactions must minimally account for the fact that 
the spin-2 AdS state itself must be dual to a CFT state which carries energy and momentum. 
In Minkowski spacetime, approximately valid at distances smaller than the AdS radius, the 
only such self- interacting theory is fully non-linear (5D) General Relativity [38] [39]. This re- 
quires the linearized general coordinate invariance of the last subsection to be extended to full 
general coordinate invariance. At larger distances, the only more-relevant coordinate-invariant 
interaction is a cosmological constant term. Therefore, the AdS effective theory describing the 
planar limit is 5D General Relativity with negative cosmological constant. It is just given by 
Eq. (18. 9p with vanishing mass and eliminating the restriction keeping terms only quadratic in 
h. That is, 

s = Ml J d^xVg{n + 12}, 

Gmn = Gj^^ + huN- (8.18) 

As a second example, suppose the CFT also has a U{1) global symmetry and associated 
conserved single-trace current with dimension 3, and a complex scalar single-trace primary with 
order-one dimension A, which is charged under the U{1). Let all other single-trace primaries 
have very large dimension. General coordinate invariance and U{1) gauge invariance powerfully 
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restrict the structure of the AdS effective field theory, 

s ^ j d'x^/g{Min + i2Mi - ^g'^^g''''FMKFNL 

+ g^'^'idM + igAMmd'' -igA'')<j>-ml\<l>\'-X\<f>\'}. (8.19) 

The simplicity of these leading terms in the AdS effective field theory, founded on only 
broadly stated features of the CFT, illustrates the power of the AdS/CFT correspondence. 

9 Emergent Relativity 

Let us ask whether the prc-rcquisite CFT can itself emerge from something even more basic and 
less symmetric. It is common for equilibrium condensed matter systems, which may be discrete 
lattice theories at short distances, to approach conformal field theories in the IR, at second 
order phase transitions. Because time is out of the picture at equilibrium, these are Euclidean 
CFTs. However, in real-time systems even the approach to emergent special relativity, let alone 
Lorentzian conformal invariance, is subtler. 

9.1 Weak-coupling examples 

Since, emergent rotational and translational symmetry and locality of couplings is both common 
and familiar, let us start by assuming we have a continuum quantum field theory with these 
properties, but without insisting on Lorentz invariance. We begin with a simple example in 
which Lorentz invariance does emerge robustly. Let be a weakly coupled scalar field, whose 
dynamics has (p — ?■ —0 symmetry and x) — )■ 4>{—t, x) symmetry. Just imposing translational 
and rotational invariance, the effective Lagrangian must have the form, 

Ceff = -{diipf {di(t)f —(jP' — + non — renormalizable couplings, (9.1) 

2 2 2 

where (? is an arbitrary constant. The renormalizable terms are accidentally Lorentz invari- 
ant, if we identify c with the speed of light in the Lorentz algebra. The non- renormalizable 
terms can violate this symmetry while still being translation and rotational invariants, such 
as a term di(f)di(f)dj(f)dj(f) without accompanying time-derivative terms, but at low enough ener- 
gies/momenta (and for small enough m^), these terms would be irrelevant. 

But now consider a theory of two such scalars coupled to each other, without any symmetry 
between them (but each with their own symmetries as in the example above). The general 
rotationally symmetric effective Lagrangian is 

1 Tfl ^ 

+^idar - -fidaf - -fx' - Kx' - A...0V 

-|-non — renormalizable couplings, (9-2) 
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where now and are two independent (separately renormalized) constants. In general, 
infrared Lorentz invariance is badly broken by these different maximal speeds. 

9.2 Strong-coupling robustness of emergent relativity 

This problem is quite general in weakly coupled field theories for multiple particle species, 
but at strong coupling the flow to Lorentz invariance can be robust. To assess the robustness 
of emergent Lorentz invariance, let us start with a Lorentz-invariant "target" field theory, 
say specified by a quantum Hamiltonian, HreiativisUc, and ask whether a Lorentz-violating but 
rotationally-symmetric and local deformation would robustly flow towards the target in the 
infrared. Such a deformation can be written as 

Hdef armed Hj-^ig^ii^igiif, -\- j ^ ■^Q^i^^ i (^•^) 

where (9 is a rotational scalar local operator, and g is the deformation strength at some renor- 
malization scale. If all such operators are IR-irrelevant for small then there is a robust flow 
towards IR Lorentz invariance, (7 — )■ 0. But there is one such operator which we know on 
general grounds is marginal, not irrelevant, namely the energy- momentum tensor, T^^. The 
translational invariance of the theory implies its conservation as a Noether current, and that 
it is not renormalized, so that it has scale dimension exactly 4 without anomalous dimension 
corrections. Too and Ta are each Lorentz-violating rotational scalars, but since their difference 
is a Lorentz-scalar, rj^^T^y, there is only one independent Lorentz-violating operator, which we 
take to be Too without loss of generahty. In a strongly coupled field theory, this is the only 
marginal Lorentz-violating rotational scalar that must be present. Other Lorentz-violating op- 
erators might very well be significantly irrelevant and flow rapidly to zero in the IR. But this 
marginal operator is nothing but energy- density, so plugging it into Eq. (19. 3p yields, 

H deformed H^^iatiyigfiQ -\- j d XgT^^i^x) 

= + g)HrelativisUc- (9.4) 

We have merely recovered a rescaled version of our relativistic theory! If we rescale time 
t ^ {1 + g)t, the conjugate Hamiltonian becomes 

Hdeformed Hrelativistic- (9'5) 

Rescaling time, but not space, changes the undeformed speed of light, c c/{l + g). But since 
this an overall rescaling of c for all particle species, the theory remains relativistic. 

9.3 Instability of relativity due to weak inter-sector couplings 

Given this optimistic conclusion above, one might ask what fails in the weakly coupled case. 
More generally, consider two sectors, A and B, which are weakly coupled to each other, although 
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there may be either strong or weak couphngs within each sector. In the hmit in which the 
two sectors are completely decoupled, there are two, separately conserved energy-momentum 
tensors, T^, T^, each with scale dimension exactly 4. In the presence of weak A — B couplings 
however, each of these operators receives perturbative corrections to their anomalous dimension 
(matrix), in such a way that these corrections cancel in the total energy- momentum tensor, 
T^^u + ^/f- + "^^iF interaction^ Thus, for example, O = — is an almost marginal deformation 
which will not flow rapidly away in the infrared (though it might flow away logarithmically 
slowly [lO] [ll]). Clearly, the effect of this deformation is (minimally) to give sectors A and B 
different speeds of light and spoil Lorentz invariance. 

At strong coupling, O will generically get a substantial anomalous dimension, which can 
be positive, making it order one irrelevant, and there is a robust flow to Lorentz invariance. 
At some point into the IR the strong coupling might transition to weak coupling, but the very 
precise Lorentz invariance is now imprinted on the effective theory by matching at this threshold 
to the UV strong coupling theory. Alternatively, the Lorentz invariant quantum field theory 
might flow to a strongly coupled CFT with an AdS low-curvature dual, with emergent higher- 
dimensional general relativity. An irrelevant Lorentz-violating operator like O = — 
would then be dual to a massive tensor field, by the analysis of subsection 8.1. See Ref. [19] 
for the proposal to use AdS/CFT duality to infer the IR-irrelevance of Lorentz violation in 
strong-coupling JV = 4 supersymmetric Yang-Mills. 

9.4 Lorentz violation by conserved currents: chemical potentials 

There is an interesting generalization of the plot of emergent Lorentz invariance from strong 
coupling, which takes place if the dynamics has a global internal symmetry, say U{1). In 
that case, there is a conserved Noether current, O^, with non-renormalized scale dimension 3. 
Therefore, we now have a possible relevant deformation of the relativistic target theory. 



Such a deformation grows rapidly in important in the IR and therefore it appears that Lorentz 
invariance will not robustly emerge. However, this need not be the case if we insist on charge 
conjugation invariance, under which the (9^ current is odd. It is therefore technically natural 
(radiatively stable) for the dimensionful conjugation-violating coupling, g, to be so small that 
the theory first flows very close to Lorentz invariance, before this specific deformation becomes 
important. In that case, g would be nothing but a chemical potential for a (very nearly) 
Lorentz-invariant theory. This still represents Lorentz-violation, but of a familiar kind. 

In the case in which the emergent special relativitic dynamics is a CFT with U{1) global 
symmetry and which enjoys a low-curvature AdS dual, let us work out the dual of turning on the 
small chemical potential. Thinking of as a constant CFT source, we see that the generalization 




(9.6) 
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of Eq. (16. 9 p to a conserved vector primary and energy-momentum tensor primary is given on 
the AdS side by 

+limit / d^i^^^^. (9.7) 

The leading effect of the chemical potential, g, on the ground state is given by solving the 
classical equations of motion of this effective theory. We will try the static and x-translation 
independent ansatz that all fields are x- independent, that only Aq is non- vanishing within Am, 
and that the metric takes the diagonal form. 



r - r - r - ^ 

voo — 5—) vij — 5-) Vwui — —-r, — ^ — ^- \^-°) 



The Maxwell equation then reads 



d^-d^A^[w) = -hmit^^^^^— (9.9) 

W w'->-0 W 



with solution, 



2 

Ao(w) = aw'^ + \imiti^^9(w' - w) + ^9(w - w')} 

= aw^ + ^, (9.10) 

where a is a constant. With this last line providing a gravitational source, in addition to the 
cosmological constant term, the solution to Einstein's equations is given by 

This function vanishes at w = a/24M| /^f, signally the horizon of a charged "black 3-brane" 
solution, a generalization of the Reissner-Nordstrom charged black hole. Regularity of the 
gauge field at this horizon requires it to vanish there [12], which then determines the constant, 
a = -gy{48Ml). 

This illustrates just one instance of how strongly-coupled many-body physics on the CFT 
side can be connected to black-hole physics on the AdS-side. See the reviews in Ref. [20j for 
greater elaboration. 

In a similar way, emergent supers jmimetry/ sup ergravity have been discussed in Refs. [19] 
[43] [44] [45] [46] [47]. with a general treatment, paralleling the one above for Lorentz invariance, 
given in Ref. [IE]. 
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10 Concluding Remarks 



We have seen how a strongly-coupled CFT (or even its discrete progenitors) can robustly lead, 
"holographically" , to emergent General Relativity and gauge theory in the AdS description. 
We first saw how a general CFT is dual to some AdS theory, but then proceeded to a more 
detailed understanding in the planar large- limit of the CFT, which we saw was dual to the 
tree-level expansion of the AdS theory. Of course, the CFT at some finite A^ is fully interacting 
and quantum mechanical, so this must also be true on the AdS side. In particular, this requires 
AdS loop diagrams to unitarize the trees, corresponding to 1/A^ subleading corrections to the 
planar limit of the CFT. At the level of AdS effective field theory, UV loop divergences will arise, 
which must then be treated in the usual manner of low-energy non-renormalizable effective field 
theory, adding new counter-terms and input couplings at each new loop order in precision. This 
is still predictive when one works to a fixed loop order. But the full AdS theory with an infinite 
tower of particles must give UV-finite loop results, since it is exactly equivalent to the already- 
renormalized CFT in the 1/A^ expansion. It thereby UV-completes AdS effective field theory. 
Of course, this is why some type of string theory, with its famously good UV behavior, is such 
a good bet for the AdS dual. In any case, the CFT is dual to a fully unitary and well-defined 
quantum gravity on AdS. 

There may be corrections, say scaling as e~^, which are smaller than any order in the 
expansion. By the general form of the CFT/AdS mapping, these effects must be present on the 
AdS side, but they must be parametrically smaller than any order in the AdS loop expansion. 
In quantum gravity, we are in general poorly equipped to understand these effects, either in 
semi-classical General Relativity or in string theory. On the CFT side, we are faced with strong 
coupling at the quantitative level. Nevertheless, we at least have a qualitative understanding of 
quantum field theory for finite A^, which translates into some qualitative understanding of AdS 
quantum gravity. The challenge is to mine this observation for new precisely-stated insights. 

In a sense, every CFT has an energy-momentum tensor which is dual to some "graviton" 
with an associated quantum gravity theory on AdS. But that alone does not guarantee that 
the AdS description has a recognizable semi-classical General Relativity regime. That requires 
a finite number of light particle species (one being the 5D graviton) and a (approximate) 
Minkowski regime, conditions which are dual to having a large scaling- dimension gap, which in 
turn requires very strongly coupled CFTs. While a large dimension gap is certainly a non-trivial 
requirement, it seems a small price to pay for a full-blown theory of quantum gravity! 

The set of such strongly coupled CFTs, supersymmetric and non-supersymmetric, are, not 
surprisingly, still far from fully explored. It may well be that the "landscape" of such UV- 
complete AdS/CFT theories is very rich, similar to the richness of the 4D string "landscape" 
that has emerged in recent years as completions of numerous 4D effective field theories con- 
taining gravity and gauge theory (reviewed in Ref. [49]). If this is true, in phenomenological 
modeling of strong coupling physics (CFT-side), one should develop an AdS effective theory. 
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guided by IR self-consistency as well as experimental considerations, relatively confident that 
a UV completion, or equivalently a well-defined CFT, exists. This is how a great deal of par- 
ticle physics model-building is being done, in the context of warped 5D compactifications. See 
Ref. [50] for a review, and Refs. [51] for AdS/CFT interpretation. Once promising phenomeno- 
logical models have been developed, one can search for AdS UV completions. Ref. [17] is a 
particularly explicit and careful, but not fully realistic, example of this type in string theory, 
based on the earher prototype of Ref. [19]. In this regard, it would be very helpful to continue 
to develop tools for engineering AdS string theories with specified properties. 
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